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Abstract

This paper studies multiuser coding techniques for channel coding with a given (possibly suboptimal) decoding
rule. For the mismatched discrete memoryless multiple-access channel, error exponents are obtained which are tight with
respect to the ensemble average, and positive within the interior of Lapidoth’s achievable rate region. In the special case of
maximum-likelihood decoding, the ensemble tightness of the exponent of Liu-Hughes is proved. Alternative expressions
for the error exponents and rate regions are given, including expressions obtained using Lagrange duality which extend
immediately to general alphabets.

In the setting of single-user mismatched decoding, similar analysis techniques are applied to two types of superposition
coding. The standard version is shown to yield an achievable rate which is at least as high as that of Lapidoth’s expurgated
parallel coding rate after the optimization of the parameters. A refined version of superposition coding is shown to achieve
rates at least as good as the standard version for any set of random-coding parameters, and it is shown that the gap between
the two can be significant when the input distribution is fixed.

Index Terms

Mismatched decoding, multiple-access channels, superposition coding, random coding, error exponents, ensemble
tightness, duality, maximum-likelihood decoding.

I. INTRODUCTION

The mismatched decoding problem [1]-[9] seeks to characterize the performance of point-to-point communication
when the decoding rule is fixed and possibly suboptimal. This problem is of interest, for example, when the optimal
decoding rule is infeasible due to channel uncertainty or implementation constraints. Finding a single-letter expression
for the mismatched capacity (i.e. the highest achievable rate with mismatched decoding) remains an open problem even
for single-user discrete memoryless channels.

Network information theory problems with mismatched decoding are not only of independent interest, but can also
provide valuable insight into the single-user mismatched decoding problem. In particular, it was shown by Lapidoth that
higher random-coding rates can be obtained by treating the single-user channel as a multiple-access channel (MAC)
and generating multiple codebooks in parallel [6].

In this paper, we build on the work of [6] and study multiuser coding techniques for channels with mismatched
decoding. We revisit the mismatched MAC, and provide a derivation of the achievable rate region given in [6] which
yields non-asymptotic bounds and ensemble-tight error exponents as intermediate steps. Furthermore, an alternative
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expression for the region is given which extends immediately to general alphabets. Building on the analysis techniques
developed for the MAC, we study two types of superposition coding for single-user mismatched channels, and provide
the achievable rates and error exponents corresponding to each.

A. System Setup

Throughout the paper, we consider both the mismatched single-user channel and the mismatched multiple-access
channel. Here we provide a detailed description of each.

1) Mismatched Single-User Channel: The input and output alphabets are denoted by X and ) respectively, and the
channel transition law is denoted by W (y|x), thus yielding an n-letter transition law given by

W (ylz) £ [T W (yilw:). (1)
=1

If X and Y are finite, the channel is referred to as a discrete memoryless channel (DMC). We consider length-n block
coding, in which a codebook C = {z),... &™)} is known at both the encoder and decoder. The encoder takes as
input a message m uniformly distributed on the set {1,..., M}, and transmits the corresponding codeword (™). The
decoder receives the vector y at the output of the channel, and forms the estimate
m = argmax ¢"(x,vy), )
je{l,....M}

where n is the length of each codeword, xl(-j) is the i-th entry of 2(9) (similarly for ;), and ¢"(x,y) = [T/—; ¢(@4, vi)-
The function g(x,y) is called the decoding metric, and is assumed to be non-negative. In the case of a tie, a codeword
achieving the maximum in (2) is selected uniformly at random. In the case that ¢(x,y) = W (y|z), the decoding rule
in (2) is that of optimal maximum-likelihood (ML) decoding.

A rate R is said to be achievable if, for all 6 > 0, there exists a sequence of codebooks with at least exp(n(R — 4§))
codewords and vanishing error probability under the decoding metric q. The mismatched capacity of a given channel
and metric is defined to be the supremum of all achievable rates.

An error exponent F(R) is said to be achievable if there exists a sequence of codebooks C,, with M > exp(nR)
codewords of length n such that

1
lim inf - logp.(C,) > E(R). 3)

n— oo

We let p,(n, M) denote the average error probability with respect to a given random-coding ensemble which will be
clear from the context. The random-coding error exponent E,.(R) is said to exhibit ensemble tightness if

1
lim ——log7,(n,e" ) = E,.(R). 4)

n—oo N

This definition requires that the limit exists.

2) Mismatched Multiple-Access Channel: We also consider a 2-user memoryless MAC W (y|z1,z2) with input
alphabets A} and A, and output alphabet ). In the case that each alphabet is finite, the MAC is referred to as a
A

discrete memoryless MAC (DM-MAC). The decoding metric is denoted by ¢(z1, z2,y), and we write W™ (y|x1, 2)
H?:1 W (yilw1,72,) and ¢"(x1, %2, y) £ H?:l q(®1,0, T2, Yi)-

Each encoder v = 1, 2 takes as input a message m,, uniformly distributed on the set {1,..., M, }, and transmits the
corresponding codeword a:&’”“) from the codebook C, = {:c,(jl), ceey mf,M")}. Upon receiving the signal y at the output

of the channel, the decoder forms an estimate (721, 72) of the messages, given by

(11, 12) = arg max (", 2 y). (5)

i€{1,.., M1 },5€{1,...., M2}



We assume that ties are broken at random. An error is said to have occurred if the estimate (1, 7M9) differs from
(my, ms). The error probability for a given pair of codebooks (Cy,Cs) is denoted by p.(C1,Cs), and the error probability
for a given random-coding ensemble is denoted by p.(n, My, Ms). We define achievable rates, error exponents and
ensemble tightness similarly to the single-user setting. Similarly to the single-user case, optimal ML decoding is
recovered by setting q(x1,z2,y) = W (y|z1, z2).

B. Notation

We use bold symbols for vectors (e.g. x), and denote the corresponding i-th entry using a subscript (e.g. x;). All
logarithms have base e, and all rates are in units of nats except in the examples, where bits are used. We define
[c]t = max{0, c}, and denote the indicator function by 1{-}.

The set of all probability distributions on an alphabet, say X, is denoted by P(X), and the set of all empirical
distributions on a vector in X" (i.e. types [10, Ch. 2], [11]) is denoted by P, (X). Similar notations P(Y|X) and
Pn(Y|X) are used for conditional distributions. For a given Q € P, (X), the type class T"(Q) is defined to be the
set of all sequences in X" with type Q. For a given joint type Pxy € P,(X x V) and sequence & € T"(Px), the
conditional type class T (Pxy) is defined to be the set of all sequences y such that (z,y) € T"(Pxy ). Further
definitions and results related to the method of types are presented in Appendix A.

The probability of an event is denoted by P[-]. The marginals of a joint distribution Pxy (x,y) are denoted by
Px(z) and Py (y). We write Px = Px to denote element-wise equality between two probability distributions on the
same alphabet. Expectation with respect to a joint distribution Pxy (x,y) is denoted by Ep[], or simply E[-] when the
associated probability distribution is understood from the context. Similarly, mutual information with respect to Pxy
is written as Ip(X;Y"), or simply I(X;Y’) when the distribution is understood from the context. Given a distribution
Q(x) and conditional distribution W (y|x), we write @ x W to denote the joint distribution defined by Q(z)W (y|z).

For two positive sequences f,, and g,,, we write f, = g, if lim, % log % =0, fr < gn if limsup,,_, % log % <
0, and similarly for >. When these symbols are used, we assume that the implicit subexponential factors can be upper and
lower bounded by universal subexponential quantities; when we consider the discrete memoryless case these quantities
may depend on the input and output alphabet sizes. In particular, this assumption implies that sup, f;(n) = sup, g;(n)
for any (possibly infinite) set of sequences such that f;(n) = g;(n) for all i. We make use of the standard asymptotic
notations O(+), o(-) and Q(-).

C. Previous Work

The majority of the literature on mismatched decoding has focused on achievable rates for the single-user setting.
The most notable early works are by Hui [1] and Csiszar and Korner [2], who independently derived the achievable
rate known as the LM rate, given by

Im(Q) = _min _ Ip(X;Y), 6)

Pxy : Px=Q,Py=Py
Eg[log q(X,Y)]>Ep[log ¢(X,Y)]

where Pxy = ) x W. This rate can equivalently be expressed as [4]

X,Y sea(X)
Im(Q) = sup E |log a( ) @)

$>0,a(+) E[q(y7 Y)sea(Y) | Y} ’

where (X,Y) ~Q x W.
In the terminology of Ganti et al. [7], (6) is the primal expression and (7) is the dual expression. This is consistent
with the fact that the equivalence between the two can be proved using Lagrange duality [4], [12]. The primal

expression can be proved using constant-composition random coding and the method of types. On the other hand,



the dual expression can be proved using cost-constrained random-coding without relying on the method of types, thus
generalizing immediately to general alphabets [7].

Another rate which as received attention in the literature is the generalized mutual information (GMI), defined
similarly to (6)—(7) but without the constraint Py = Q in (6), and with the supremum over a(-) replaced by a(-) =0
in (7). The GMI is obtained using i.i.d. random coding, and is in general strictly smaller than the LM rate.

A matching converse to the LM rate for binary-input DMCs was given in [5]. In general, however, the LM rate is not
tight [3], [6], and the problem of finding the mismatched capacity is open in general. Motivated by the lack of converse
results, the concept of ensemble tightness has been addressed in [4], [7], [8]. It has been shown that, for any DMC,
the LM rate is the best rate possible for the constant-composition and cost-constrained random-coding ensembles, and
the GMI is the best rate possible for the i.i.d. ensemble. Such results are often referred to as random-coding converses.

In [3], Csiszar and Narayan showed that better achievable rates can be obtained by applying the LM rate to the
channel W ((y1,y2)|(z1,22)) = W (y1|z1)W (y2|z2) with the metric ¢ ((21,22), (y1,22)) = q(z1,y1)q(2, y2),
and similarly for the k-th order products of W and ¢. It was conjectured that the resulting rate approaches the
mismatched capacity as k — oo, and this conjecture has recently been reported true by Somekh-Baruch [13]

Random-coding error exponents for mismatched decoding were given in [8], [14], [15], and ensemble tightness was
addressed in [8]. In particular, it was shown in [8] that for any DMC and metric, the ensemble-tight exponent for the
constant-composition ensemble can be obtained using the cost-constrained ensemble with at most two cost constraints.

The mismatched MAC was considered by Lapidoth [6], who obtained an achievable rate region and showed the
surprising fact that the single-user LM rate can be improved by treating the single-user channel as a MAC. Lapidoth
also addressed the issue of ensemble tightness, showing that random-coding error probability tends to one for rate pairs
outside the given achievable rate region.

As an example, Lapidoth considered the channel in Figure 1 consisting of two parallel binary symmetric channels
(BSCs) with crossover probabilities d; < 0.5 and §, < 0.5. The mismatched decoder assumes that both crossover
probabilities are equal to 6 < 0.5. By treating the channel as a mismatched single-user channel from (z1,z2) to

(y1,y2) and using random coding with a uniform distribution on the quaternary input alphabet, one can only achieve

R<?2 (1 — H, (51 ‘; 52)) bits/use, (8)

where Hy(-) is the binary entropy function in bits. On the other hand, by treating the channel as a mismatched MAC

rates R satisfying

from 27 and x5 to (y1, y2) and using random coding with equiprobable input distributions on each binary input alphabet,

one can achieve any sum-rate R satisfying
R < (1—H3(61)) + (1 — Ha2(62))  bits/use. 9)

This is the best rate possible even under maximum-likelihood (ML) decoding.

In a work which developed independently of ours, Somekh-Baruch [9] gave error exponents and rate regions for
the cognitive MAC (i.e. the MAC where one user knows both messages and the other only knows its own) using
two multiuser coding schemes: superposition coding and random binning. When applied to single-user mismatched
channels, these yield achievable rates which can improve on those of Lapidoth when certain auxiliary variables are
fixed. There is some overlap in our work and the superposition coding results given in [9], but throughout the paper
we focus primarily on results which are being presented for the first time.

Error exponents for the matched MAC were presented in [16]-[20]. In particular, Liu and Hughes [19] derived
an achievable exponent using constant-composition codes, and showed that in contrast to the single-user setting, the
exponent can improve over that of i.i.d. random codes [17] even after the optimization of the input distributions. To

our knowledge, ensemble tightness has not been proved previously for these ensembles, even in the matched case.
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Figure 1. Parallel BSC example [6].

While error exponents for the mismatched MAC are presented in [20], they are not tight enough to prove the
achievability of Lapidoth’s rate region. For example, for the parallel BSC example in Figure 1 with uniform input

distributions, the exponents of [20] are only positive when the sum-rate R satisfies (8).

D. Contributions

The main contributions of this paper are as follows:

o In Section II, we present a number of general upper and lower bounds on the probability of a multiply-indexed
union. We give sufficient conditions under which the upper and lower bounds coincide to within a constant factor,
thus providing a tool to perform a tight analysis of the random-coding error probability of multiuser random-coding
ensembles. Furthermore, we present generic equivalences of optimization problems using Lagrange duality [12],
thus providing the tools to obtain alternative expressions for various rates and exponents.

o In Section I, we study the mismatched MAC. Using constant-composition random coding and the above-
mentioned union bounds, we provide an alternative derivation of Lapidoth’s achievable rate region [6] which yields
non-asymptotic bounds and ensemble-tight error exponents as intermediate steps. By specializing our exponents
to ML decoding, we prove the ensemble tightness of the exponent given in [19] for constant-composition random
coding.

o Using the method of Lagrange duality [12], we provide alternative expressions for the achievable rate region
and error exponent for the DM-MAC. We show that the dual expressions can be obtained directly using cost-
constrained random coding, thus proving their validity in the case of general alphabets. Furthermore, we study
the number of costs needed for the cost-constrained ensemble to match the performance of constant-composition
codes in the discrete memoryless setting.

o Using similar techniques to those used in our MAC analysis, we study two types of superposition coding for
single-user mismatched channels. We show that the standard version of superposition coding (Section 1V) yields
a rate at least as high as that of Lapidoth’s expurgated MAC ensemble [6, Thm. 4] after the optimization of the
parameters. Furthermore, we show that a refined version of superposition coding (Section V) yields rates at least
as high as the standard version for any choice of parameters, with significant improvements possible when the
input distribution is fixed. The rates for each ensemble are expressed in both primal and dual forms, and the latter
are shown to be valid in the case of general alphabets.

For the mismatched DMC, the results of this paper can be summarized by the following list of random-coding

constructions, in decreasing order of rate:



1) Refined superposition coding (Theorems 17 and 19),

2) Standard superposition coding (Theorems 14 and 16),

3) Expurgated parallel coding ([6, Thm. 4] and Theorem 11),

4) Constant-composition or cost-constrained coding with independent codewords (LM Rate [1], [2], [7]),
5) i.i.d. coding with independent codewords (GMI [14]).

Numerical examples are provided in Section V-C.

II. PRELIMINARY RESULTS

In this section, we present a number of general tools and results which will be used throughout the paper.

A. Bounds on the Probability of a Multiply-Indexed Union

In single-user and multiuser channel coding settings, bounds on the random-coding error probability are typically

obtained using the union bound, which states that for any set of events {A;},,
P[UAJ <Y PlAl. (10)

In many cases the right-hand side of (10) is greater than one, and hence a tighter bound is given by the truncated union

]P’[UAI} gmin{l,ZP[Ai]}. (11)

In this paper, we will also be interested in lower bounds on the probability of a union, which will be used to prove

bound, namely

ensemble tightness results. In particular, we will make use of de Caen’s bound [21], which states that
P[A;]?
IF’[ AZ} > S e (12)

In the case that the events are pairwise independent and identically distributed, it is easily verified that (12) proves the
tightness of (11) to within a factor of % [22]. This tightness result in fact holds even when the events are not identically
distributed [23, Lemma A.2].

In this section, we provide a number of upper and lower bounds on the probability of a multiply-indexed union.
In several cases of interest, the upper and lower bounds coincide to within a constant factor, and generalize the

above-mentioned tightness result of [22] to certain settings where pairwise independence need not hold.

Lemma 1. Let {Z,(i)}M and {Z, (])}?21 be independent sequences of identically distributed random variables on

the alphabets Z, and Z5 respectively, with Z1(i) ~ Pz, and Zs(j) ~ Pgz,. For any set A C Z1 X Z5, we have

IP[U {(Zl(i),Zg(j)) c A}} < min {1,M1E[min{1,M2P[(Z1, Z,) € A| 2] }}

]
Mg]E{min{l,Ml]P’[(Zl,Zg) cA| ZQ]}]} (13)

where (Z1,Z) ~ Pz, X Pz,.

Proof: Applying the union bound to the union over i, we obtain

IP’LU {(Zl(i), Z,(5)) € A}} < MﬂP’[U{(Zl,ZQ(j)) c A}] (14)
:MlE{P{U{(Zl,ZQ(j)) eA}’ZIH. (15)

J



Applying the truncated union bound to the union over j, we obtain

P[U {210, 2:(9)) € A}] < MlE[min {1.M:P[(21,25) € A| 2] }} (16)
1,9
thus recovering the second term in the outer minimization in (13). The third term is obtained similarly by applying the

union bounds in the opposite order, and the upper bound of 1 is trivial. [ ]

Lemma 2. Let {Z,(i)}M" and {Zg(j)}j-vfl be independent sequences of pairwise independent and identically dis-
tributed random variables on the alphabets Z1 and Zo respectively, with Z1(i) ~ Py, and Zs(j) ~ Pyz,. For any set
A C Zy x 25, we have

. . 1 . P[(ZlaZ2) E‘A}2
P[U{(Zl(l),%(ﬂ) € A}} > 4mm{1’M1IP>[(Zl,Zg) cAN 27 e A

(2]

P[(Z1,Zs) € A]”

M.
“P[(Z1,Z2) € AN (2, Z5) € A

M MoP((Z1,25) € A } (17)

where (Z1, 21, Z2, Z3) ~ Pz,(21) Pz, (21) Pz,(22) Pz, (23)-

Proof: We make use of de Caen’s bound in (12). Noting by symmetry that each term in the outer summation is
equal, and splitting the inner summation according to which of the (i, j) indices coincide with (i’, j’), we obtain

P[U{(Zl(i); Z5(j)) € A}} > My MyP[(2, Z,) € A]Q((Ml — 1)(My — D)P[(Z1, Zs) € A]
+ (Mo = 1)P[(Z1,Z2) € AN (Z1,23) € Al + (M1 = 1)P[(Z1, Z2) € AN (21, Zs) € A +P[(Z1, Zo) 6A]>—1
(18)

> M\ MsP[(Z1,25) € A]2(4max{M1M2P[(ZhZ2) € A], MyP[(Z1,22) € AN (Z1,Z%) € A,

MP[(Z1,22) € AN (Z1,Z2) € A,P[(Z1,Z2) € A]})_ . (19)

from which the lemma follows. |
The following lemma gives conditions under which a weakened version of (13) coincides with (17) to within a factor
of four.

Lemma 3. Ler {Z, (i)} and {Z, (j)}jw;l be independent sequences of identically distributed random variables on
the alphabets Z1 and Z5 respectively, with Z1(i) ~ Pz, and Z5(j) ~ Pyz,. Fix a set A C Z1 X Zo, and define

A 2 {21 : (21, 22) € A for some 22} (20)
Ay 2 {22 i (21,22) € A for some zl}. 20D

1) A general upper bound is given by

IP’[U {(210), 225)) € A}} < min {1, MiP[Z € A}, MaP[Z; € As], MiMP[(Z1, Z) € A]}, (22)
2%
where (Z1,7Z3) ~ Pz, X Pgz,.

2) If (i) {Z, (i)}, are pairwise independent, (ii) { Za(j) ?4:21 are pairwise independent, (iii) P[(z1, Z3) € A] is the



same for all z1 € Ay, and (iv) P[(Zl, z9) € A] is the same for all zo € A, then

IP’[U {21, 22(9)) € A}] > imin {1.MP[Z1 € A1), MoP[Zs € o], MiMLP[(Z1, Z2) € A}, @3)
3
Proof: We obtain (22) by weakening (13) in multiple ways. The second term in (22) follows since the inner
probability in the second term of (13) is zero whenever P[Z; ¢ A], and since min{1, o} < 1. The third term in (22)
is obtained similarly, and the fourth term follows from the fact that min{1, a} < a.
The lower bound in (23) follows from (17), and since the additional assumptions in the second part of the lemma
statement imply

2 2 2
P[(Z1,Z2) € A] _ P[Z1 € A]"P[(21,Z2) € A 24)
P[(21,2:) € AN (21, 23) € Al P[2y € Ay|P[(21,Z5) € A]”
=P[Z € A (25)
where z; is an arbitrary element of A;. The third term in the minimization in (17) can be handled similarly. |

While we will primarily be interested in doubly-indexed unions in this paper, it will prove useful to state the following
generalization of Lemma 3 to the probability of a union indexed by K values, which is stated without proof. For a
given subset K = {k1, -+, ki } of {1,---, K}, we write Zxc as a shorthand for (Z,,-- -, Z,., ), and similarly for

Z .. The corresponding realizations are written by zx = (2zk,, - - s Pk ), and similarly for zyec.
Lemma 4. Let {Z; (il)}?f;p A Zk (i K)}%K: , be independent sequences of identically distributed random variables

on the alphabets Z1,--- , Zi respectively, with Zy(i) ~ Py, for k =1,--- | K. Fixa set AC Z1 X -+ X Zg, and
for each I = {ky,--- ,kjx|} {1, , K} define

Ac2 Lz < (s, 21) € Afor some 2} 26)

1) A general upper bound is given by

n»[ U {(Zl(z‘l), - Zk(ix)) € A}] < min {1’@{13?{1;2},@@ ( 11 Mk>19>[z,< € Ax] } (27)

B, S K ke
where (Zy,-+- , Zx) ~ Hle Py,.
2) If {Zk(z)}f\i‘l are pairwise independent for any given k, and P[(Z1,--- ,Zk) € AIZ;C = zx| is the same for
all zx € Ax for any given K C {1,--- , K}, then

]P’{ U {(Zl(il)’ o, Zi(ik)) € A}} > 27K min {1,’CC{17.I.1.1712}’K¢® < H Mk)IP’[Z/c € Ax] }7 (28)

11, UK ke

where (Z1,--+ ,Zk) ~ Hi{:l Pz

B. Equivalent Forms of Convex Optimization Problems

The exponents and rates derived in this paper will be presented in both primal and dual forms, analogously to the
LM rate in (6)—(7). The corresponding proofs of equivalence are more involved than that of the LM rate (see [4]). Here
we provide two lemmas which will be useful in proving the equivalences. The following lemma is a generalization of

the fact that (6) and (7) are equivalent, which is proved using Lagrange duality [12].

Lemma 5. Fix the finite alphabets Z1 and Z,, the non-negative functions f(z1,z22) and g(z1,22), the distributions



Py, and Pgz,, and a constant . The optimization

B min Iﬁ(Zl;Zg) —Eﬁ[logg(zl,ZQ)] 29)
Pz, 241 Pz =Pz, ,Pz,=Pz,,
Egllog f(Z1,22)]>28

has the same value as

sup  — Y Pz,(2)log ) Pz (21)f(Z1,22) 9(Z1, 22)e" C) + > Py, (21)p (21) + AB, (30)

A>0,p1(+) 22 Z1 21

where the supremum over 1 (-) is taken over all real-valued functions on Z;.

Proof: See Appendix B. [ ]
When using Lemma 5, we will typically be interested the case that either g(-, -) is absent from (29), or the constraint
Esllog f(Z1,Z2)] > 3 is absent. In the former case, the dual expression is given by (30) with g(-,-) = 1, and in the
latter case, the dual expression is given by (30) with A = 0. Observing the symmetry of (29) in Z; and Z,, it can be
seen that the roles of the two can also be swapped in (30).
The following lemma will allow certain convex optimization problems to be expressed in a form where, after some

simple manipulations, Lemma 5 can be applied.

Lemma 6. Fix a positive integer d and let D be a convex subset of R%. Let f(z), g(2), g1(2) and g2(z) be convex
functions mapping R?® to R such that

91(2) + 92(2) < g(2) (31

for all z € D. Then the optimization

) +
min f(2) + [ max {g1(2), 92(2), 9(2)} (32)
has the same value as
. + . +

max { irél% f(z)+ [Inax {g1 (z)uq(z)}} ,glelg flz)+ {max {gg(z),g(z)}] } (33)
Proof: See Appendix B. [ |

III. MULTIPLE-ACCESS CHANNEL

In this section, we study the mismatched multiple-access channel introduced in Section I-A2. We consider random
coding, in which each codeword of user v = 1,2 is generated independently according to some distribution Px,. We

let X 3‘) be the random variable corresponding to the i-th codeword of user v, yielding
(3 (x4 ) ~ T] P @) T] P (@), (34)
i=1 j=1

We assume without loss of generality that message (1,1) is transmitted, and write X and X in place of X §1) and
X él). We write X; and X, to denote arbitrary codewords which are generated independently of X; and X5. The

random sequence at the output of the channel is denoted by Y. It follows that
(X1,X5,Y,X1,X5) ~ Px,(x1)Px, (22) W" (y|@1, 2) Px, (F1) Px, (T2). (35)

All of our results can be extended to the setting in which the codewords are generated conditionally on a time-sharing
sequence u (e.g. see [20]). However, this leads to more complex notation, and also introduces a number of subtle

issues in the mismatched setting which are not present in the matched setting. Thus, we focus primarily on the case
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that there is no time-sharing. In Section III-E, we state the corresponding results with time-sharing, and discuss the
differences between the matched and mismatched settings.
We distinguish between the following three types of error:

(Type 1) mq # my and My = mo
(Type 2) M1 = my and Mo # Mo

(Type 12) 1y # my and 1he # Mo
The corresponding random-coding error probabilities for these events are denoted by p, ;(n, Mi), P, o(n, M2) and

Pe.12(n, My, My) respectively, and the overall random-coding error probability is denoted by p,(n, My, My). Clearly

we have

max{P, 1,Pe 2, Pe. 12} < Pe < De1 + D2+ Pe 2 (36)

A. Random-Coding Bounds

The following theorem extends the random-coding union (RCU) bound for mismatched decoders [8], [24] to the
MAC.

Theorem 1. Under the random-coding distributions Px, and Px,, the ensemble-average error probabilities for the

maximum-metric decoder satisfy

ﬁe,l(n,Ml) < rcul(nle) 37
ﬁe,Q(n7M2) < I‘CUQ(TL, M2) (38)
Pe.12(n, My, My) < min {rcuiz1(n, My, My),rcu2 2(n, My, My)} (39

for errors of type 1, 2 and 12 respectively, where

A ) q"(X1,X5,Y)
= >
rcuy(n, My) = E |:Hlln{1,(M1 1)}1”[(1”( X,V 11 X1,X,,Y (40)
. qn( 15 25 ) ’ :|}:|
reny(n, M) 2 E |mind 1, (M, — p| L1 X2Y) oyl v x y 41
2( 2) |: { ( 2 ) [qn()fl, ):2717) 1 2 ( )

1“01112,1(7% Ml,Mz) £

E

min {1, (M, — 1E

reuye o (n, My, Ma) £

E [min {1, (My; —1)E

mm{L(M1 - 1)P[qn(X1’X2’Y) > 1 ‘ XQ} } ‘ Xl,XQ,Yl H . (43)

Proof: For the type-1 and type-2 error probabilities, the RCU bounds follow using the same steps as the single-user
setting [24]. For the type-12 error, we have

i n(x (@ x )
D q (Xl 7X2 ,Y) }
12 <P 51 "
et i;éy;q{ (X1, X2,Y)
=EP U {qn(Xgi)’Xéj)’Y) > 1} X1, X5Y 45)
i#1,j#1 "(X1,X2,Y) — 25
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We obtain (42)-(43) by applying Lemma 1 to the union in (45), with Z; (i) = XY) and Z5(j) = Xéj). In each case
we upper bound the minimum of three values in (13) by a minimum of two values. [ ]
The type-1 and type-2 RCU bounds in (40)—(41) have appeared previously [25], along with the type-12 RCU bound

rew)y(n, My, M) 2 [min {1, (M — 1)(My — 1)P qn(Xl’XQ’Yi > 1 ’ X1,X2,Y} H . (46)

" (X1,X5,Y

Both rcuyz,1 and rcuy2 o are always less than or equal to rcu),, and hence give better bounds on the error probability. We
will see that in the mismatched setting, rcuj, yields not only a worse non-asymptotic bound, but also a worse achievable
rate region and error exponent. While no such losses in the rates and exponents are observed under ML decoding (see
Section III-D), the refined RCU bounds rcu;z; and rcujgo are still of independent interest for characterizing the

non-asymptotic performance.

B. Exponents and Rates for the DM-MAC

In this section, we study the DM-MAC using the constant-composition ensemble, previously studied by Liu and
Hughes [19], among others. For v = 1,2, we fix @, € P(X,) and take Px, to be the uniform distribution on the type
class T"(Qy.n), where Q,, ,, € P, (X,) is the most probable type under @,, i.e.

B 1
T(Qun)]

Our analysis is based on the method of types; the main properties used are given in Appendix A. Throughout the

Px,(x,) 1{z, € T"(Qun)}. A7)

section, we write f(Q) to denote a function f that depends on @ and Q». Similarly, we write f(Q,,) to denote a
function that depends on Q1,, and Q2 .
1) Error Exponent: The error exponents and achievable rates will be expressed in terms of the sets

5Q) 2 {Px,xay € P(X x X x D) Px, = Qu, Px, = Qs } (48)

T(Px, x,v) £ {ﬁxlxzy EP(X X Xy x ) :

Px, = Px,, Px,y = Px,y,Ezs[log q(X1, X2,Y)] > Epllog Q(X17X2,Yﬂ} (49)

7-20C(PX1X2Y) £ {‘ﬁXIXQY S P(X1 X Xy X y) :

Px, = Px,, Px,y = Px,y,Ep[log q(X1, X2,Y)] > Ep[logq(Xth,Y)}} (50)

Ti5 (Px,x2v) £ {13X1X2Y €EP(X x Xy x )
j5X1 = PX1,ﬁX2 = PXzaf)Y = PYa]E}S[lqu(XlaX%Y)] > EP[logq(XlaXQ,Y)]} (51)

The following theorem gives the random-coding error exponent for each error type.
Theorem 2. The random-coding error probabilities for the constant-composition ensemble in (47) satisfy
Pen(n,e"™) = exp (— nEq(Q, Ry)) (52)

Pea(n, €)= exp (— nE;%(Q, Rz)) (53)
ﬁe,12(n7 ean ) enRQ) = exXp ( - nEf,CU(Qv R17 RQ))’ (54)
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where

ES(Q,R)2  min min D(Px,x,v||Q1 % Q2 x W) + [I5(X1; X2,Y) — Ri] "
Pxyx,v €5°(Q) Px, x,v €T (Px; X5v)
(55)
ES(Q, Ry) 2 min B min D(Px,x,v||Q1 % Q2 x W) + [I5(Xo; X1,Y) — Ry "
Px, x,y €5°(Q) Px, xoy €T3 (Px1x,Y)
(56)
Ef95(Q.R1, Ry) £ m min D(Px,x,v[|Q1 x Q2 x W) (57)

in
PX]XZYGSCC(Q) ﬁXIXZYG’TlCzC(lesz)
~ ~ +
+ [max {Ilg(Xl;Y) — Ry I5(X2;Y) — Ry, D(Px, x,v Q1 X Qo x Py) — Ry — RQH
(58)
Proof: The random-coding error probabilities p, ; and p, 5 can be handled similarly to the single-user setting [8].

Furthermore, equivalent error exponents to (55)—(56) are given in [20]. We therefore focus on P, 5, which requires a

more refined analysis. We first write

n(x (1) x ()
—_ q (Xl aX2 7Y) }’
.12 = Cc12E | P >1:1X1,X9,Y 59
De,12 = €12 [ i¢1LJJ¢1{ (X1, X0, Y) 1, X2 (59)

for some ci2 € [%, 1]. Setting ¢15 = 1 yields the average probability of error when ties are decoded as errors, and we

have c9 > % since decoding ties at random reduces the error probability by at most a factor of two [26].
We will rewrite (59) in terms of the possible joint types of (X1, X2,Y") and (Xgi),ng),Y). To this end, we

define

S, 2 {Px,xay € Pald x X x D)+ Px, = Qi Px, = Qo) (60)
Ti50(Px,x.v) £ T35 (Px, x,v) 0 Pa(d x X2 x D). (61)

Roughly speaking, ;¢ is the set of possible joint types of (X1, X2,Y), and 7,3, (Px, x,v) is the set of types of
(Xgi)7 Xéj), Y') which lead to decoding errors when (X1, X2,Y) € T"(Px, x,v ). The constraints on Py, and ﬁX,,
arise from the fact that we are using constant-composition random coding, and the constraint E[log ¢(X1, X5,Y)] >
Ep[log ¢(X1, X2,Y)] holds if and only if ¢" (Z1, T2, y) > ¢" (21, 2, y) for (x1,22,y) € T"(Px, x,v) and (1, T2, y)
T"(Px, x,v)-

Fixing Px,x,y € S5(Q),,) and letting (&1, x2,y) be an arbitrary triplet of sequences such that (zi,x2,y) €
T™(Px, x,v), it follows that the event

n X(i),X(J’)7
U {q (n(1 2 )y) > 1} (62)
i£1,5#1 q°\T1,T2,Y
can be written as
U U (x", x5 y) e Tn(PX1X2Y)}' (63)

i7#1,j7#1 ﬁxlxgyeﬂczcm (Px;x5v)

Expanding the probability and expectation in (59) in terms of types, substituting (63), and interchanging the order of
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the unions, we obtain

ﬁe,lQ =C12 X Z P[(X17X23 Y) € Tn(PX1X2Y)]
Px,x,y €554(Q,,)

xPl U U {(ng‘))ng)w) GT”(ﬁxlxzy)} (64)

ﬁxlxzyéﬂcfm,(lesz) i#1,j#1 -

= max P X 7‘X 71/' c T’n P
Py x,v €55(Q,,) (X1, X5, Y) (Px,x,v)]
* 5 e P U {(Xgi)»ng)vy) € Tn(IBX1X2Y)} , (65)
PX1X2Y€7_1€2“,W,(PX1X2Y) i1 A1 |

where y is an arbitrary element of 7" (Py ), and (65) follows from the union bound and since the number of joint
types is polynomial in n.

The exponential behavior of the first probability in (65) is given by the property of types in (A.9), so it only
remains to determine the exponential behavior of the second probability. To this end, we make use of Lemma 3 with
Z1(i) = X, Zo(j) = X5, A= T2 (Px, x,v), A = T (Px,y) and Ay = T2 (Px,y). Using (22)~(23) and the
properties of types in (A.10) and (A.11), it follows that the second probability in (65) has an exponent of

~ ~ +
[max {Iﬁ(Xl;Y) — Ry, I5(X2;Y) = Ry, D(Px,x,v | @1 x Qo x Py) — Ry — RQH . (66)

Substituting (66) and the property of types in (A.9) into (65), and using a continuity argument (e.g. see [27, Eq. (30)])
to replace the sets ;¢ and 715, by §° and 7|5 respectively, we recover the exponent in (58). ]

Due to the lack of converse results in mismatched decoding, it is important to determine whether the weakness in the
achievability results is due to the ensemble itself, or the bounding techniques used in the analysis. Theorem 2 shows

that the overall error exponent

ES(Q, By, By) 2 min {E:a(cz, Ru). ES(Q. R), B (Q. B R2>} ©7)

is not only achievable, but it is also tight with respect to the ensemble average.
The proof of Theorem 2 made use of the refined union bound given in Lemma 3. If we had instead used the standard

truncated union bound in (11), we would have obtained exponent

cc’ 4 1 i
ET',lQ(Q’ Ri,Ry) = min_ _ min
Px; x,v €5°(Q) Px, x,v €T (Pxy x5v)

D(Px,x,v[|Q1 x Q2 x W) + [D(Px, x,v[|Q1 x Q2 x Py) — (Ry + Ra)] ", (68)

which coincides with an achievable exponent given in [20]. Following the analysis of [8], one can easily show that
this is the exponent of the quantity rcuf, defined in (46).

In the case that there are K > 2 users, one can use Lemma 4 in place of Lemma 3. For example, for the joint error
event between all K users, the minimum of four terms in (58) is replaced by a minimum of 2% terms, corresponding
to the subsets of {1,---, K}

2) Achievable Rate Region: The following achievable rate region follows from Theorem 2 in a straightforward

fashion, and coincides with the ensemble-tight achievable rate region of Lapidoth [6].

Theorem 3. The overall error exponent ES°(Q, Ry, R2) is positive for all rate pairs (Ri, Ra) in the interior of
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RIM(Q), where R¥™(Q) is the set of all rate pairs (Ry, Ry) satisfying

R1 S _ min Iﬁ(Xl,X27Y) (69)
Px, x,v €T (Q1xQ2X W)

Ry < min Iﬁ(XQ;X17Y) (70)
Px,x,v €T3 (Q1xQ2xW)

Ri+Ry < min D(Px, x,v Q1 x Q2 x Py). (71)

Px, x5 v €T3 (Q1XQax W)
I5(X1;Y)<R1, I5(X2;Y)<R2

Proof: The conditions in (69)—(71) are obtained from the error exponents in (55)—(58) respectively. Focusing on
(71), we see that the objective in (58) is always positive when D(Px, x,y[|Q1 x Q2 x W) >0, I5(X1;Y) > Ry or
I5(X2;Y) > Ry. Thus, by taking D(Px, x,y|[|Q1 x Q2 x W) — 0 and introducing the constraints /5(X1;Y) < Ry
and I5(X2;Y) < Ry, we obtain the condition in (71). [ |

Using the usual time-sharing argument [6], [28] (see also Section III-E), it follows from Theorem 3 that we can
achieve any rate pair in the convex hull of UQ RIM(Q), where the union is over all distributions Q1 and Q2 on X}
and &> respectively.

The ensemble tightness of the rate region given in Theorem 3 does not follow directly from the fact that the exponents
in Theorem 2 are ensemble tight, since in principle the random-coding error probability could vanish subexponentially
at higher rates. However, the lower bounding techniques used in Theorem 2 can be adapted to prove the tightness of
the rate region (e.g. see Section V-A). We omit the analysis here, since the ensemble tightness of the rate region is
well-known [6].

Using a similar argument to the proof of Theorem 3, we see that (68) yields the rate condition

R+ Ry < min D(ﬁXngYHQl X Q2 X ﬁy) (72)

Px, x,v €T5 (Q1xQ2xW)

In the following subsection, we compare the ensemble-tight expressions in (58) and (71) with the weaker expressions
in (68) and (72).

3) Numerical Examples: We now return to the parallel BSC example given in Figure 1, where the output is given
by y = (y1,y2). As mentioned in Section I-C, the decoder assumes that both crossover probabilities are equal. It is
straightforward to show that the corresponding decoding rule is equivalent to minimizing sum of ¢; and to, where ¢,
is the number of bit flips from the input sequence x, to the output sequence y,. As noted in [6], this decision rule
is in fact equivalent to ML. This channel could easily be analyzed by treating the two subchannels separately, but we
treat it as a MAC because it serves as a good example for comparing the ensemble-tight achievability results with (68)
and (72).

We let both @1 and Q2 be the equiprobable distribution on {0, 1}. With this choice, it was shown in [6] that the

right-hand side of (72) is no greater than
o1+ &
2 (1 —H, ( ! ‘g 2)) bits /use. (73)

On the other hand, the refined condition in (71) can be used to prove the achievability of any (R1, R2) within the

rectangle with corners (0,0) and (C, Cs), where C,, £ 1— H(6,) [6]. This observation is analogous to the comparison
between (8) and (9) in the introduction. The main difference is that the weakness in (8) is in the random-coding ensemble
itself, whereas the weakness in (73) is in the bounding techniques used in the analysis.

We evaluate the error exponents using the optimization software YALMIP [29]. Figure 2 plots each of the exponents
as a function of «, where the rate pairs are given by (Ri, Rz) = (aCi,aCs). While the overall error exponent
E.(Q, Ry, R2) in (67) is unchanged at low to moderate values of o when Eﬁﬁ/z is used in place of I, 12, this is not

C

Tfl'Q is non-zero only for o < 0.865,

true for high values of «. Furthermore, consistent with the preceding discussion, E
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Figure 2. Error exponents Eﬁcl (dotted), E$C2 (dash-dot), E:,Cm (solid) and Ef,CI/Q (dashed) for the parallel channel shown in Figure 1 using
61 = 0.05, §2 = 0.25 and equiprobable input distributions on {0, 1}.

0.45 : .
Ensemble-tight Regig
0.4k — — — Naive union bound |4
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R, (bits/use)

Figure 3. Achievable rate region for the MAC associated with (74) using the corresponding decoding metric in which all values of § are equal.
The crossover probabilities are 6o = 0.02, §1 = 0.2, d2 = 0.025 and d3 = 0.25, and both input distributions are equiprobable on {0, 1}. The
ensemble-tight region is given in Theorem 3, whereas the naive union bound replaces (71) with (72).

whereas ET¢, is positive for all o < 1. It is interesting to note that the curves £, and Eﬁf{Q coincide at low values
of a. This is consistent with [20, Cor. 5], which states that E;:C{Q is ensemble-tight at low rates.

Next, we show that the achievable rate region R (Q) can be non-convex even for a given pair (Q1, Q2). We consider
the following example, with X; = X5 = {0,1} and Y = {0, 1,2,3}. The channel is described by W (y|x1,z2) =
W'(y|2z1 + z2), where W (y|z) is defined by the entries of the matrix

1 — 35 5o o do
— 1 1— 36, 5 5 . a4
02 02 1 — 309 )
3 83 83 1 — 363

The decoding metric is defined similarly, but with each §; replaced by a single value ¢ € (0,0.25) (all such choices of
0 are equivalent).
Figure 3 plots the achievable rate region R*™(Q) with & = 0.02, §; = 0.2, 6o = 0.025, 53 = 0.25, and
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@1 = Q2 = (0.5,0.5). The boundary between the horizontal and vertical limits is not a straight line, but instead
a convex curve. To gain some insight as to how this behavior arises, we discuss the condition (71). In this example, the
constraint /5(X2;Y) < Ry is inactive, whereas the constraint I5(X1;Y) < R, affects the region. As R; increases,
the constraint is satisfied by a wider range of distributions ]5X1 X,y and the sum rate R; + Ry decreases. The corner
point (0.2687,0.2392) is the same whether the ensemble-tight bound or the weakened bound is used, indicating that
the constraint [ ﬁ(Xl; Y) < R; is also inactive at this point. However, at lower values of Rj, the constraint is active,
and the ensemble-tight bound is better. In particular, the upper corner point (0.1412,0.3944) improves on that of
(0.1136,0.3944), which corresponds to the weaker rate condition in (72).

4) Alternative Expressions for the Error Exponents and Rates: In this subsection, we derive equivalent dual expres-
sions for the exponents and rates given in Theorems 2 and 3. The proofs are a non-trivial extension of the single-user
setting [4], and are made possible by Lemmas 5 and 6. In Section III-C, we will show that these dual expressions

generalize to continuous alphabets, analogously to the single-user setting [7], [8].

Lemma 7. The exponent E7¢, in (58) can be expressed as

ER5(Q, Ry, Ry) = max { Ef9, 1 (Q, Ry, Ra), EfG25(Q, Ri, Ra) }, (75)
where
Ef%51(Q, R, Ry) & min _ min D(Px, x,v||Q1 x Q2 x W)
PX1X2Y€SCC(Q) lexzyeﬂczc(lex2y)
- - +
+ [max{fﬁ(Xl;Y) — Ry, D(Px,x,v||Q1 % Q2 x Py) — Ry — RQH (76)
Eﬁ,ClQ,Q(QleaRQ) = min min D(PX1X2Y||Q1 X Q? X W)

Px, x,y €5°(Q) ﬁxlxzy €T S (Px;x5Y)
~ ~ +
n [max {Iﬁ(XQ;Y) — Ry, D(Px,x,v||Q1 x Q2 x Py) — Ry — RQH NG

Proof: This is a special case of Lemma 6 with the following identifications:

f(z) = D(Px,x,v[|Q1 x Q2 x W) (78)
9(z) = D(ﬁXleYHQl X Q2 X ISY) —Ri — Ry (79)
91(2) = Ip(X1;Y) — R, (80)
g2(z) = I5(X2;Y) — Ro. (81)

From the latter three choices and the identity
D(ﬁX1X2Y||Q1 X Q2 X ﬁy) =I15(X0)Y) +15(X2;Y) + I5(X1; XolY), (82)

we see that the condition in (31) is satisfied. |

The exponents in (76)—(77) are precisely those that would have been obtained by applying properties of types directly
to the RCU bounds in (42)—(43), rather than directly analyzing the random-coding error probability as in the proof of
Theorem 2. Thus, our RCU bounds yield the true error exponent for the constant-composition ensemble.

Lemma 8. The achievable rate region in Theorem 3 is unchanged if the condition that (71) holds is replaced by the
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condition that at least one of the following hold:

Ri+ Ry < min D(Px, x,v[|Q1 x Q2 x Py) (83)

Px,x,v €T (Q1xQ2xW)
I5(X1;Y)<R1

Ri+ Ry < min D(Px, x,v||Q1 % Qa x Py). (84)

Pxix,v €T15 (Q1XQ2xXW)
I5(X2;Y)<R2

Proof: These conditions can be derived from (76)—(77) in an identical fashion to (71). Specifically, £y, is
positive whenever one of (76) and (77) hold, and zero otherwise. A similar statement holds for (71), and thus the two
formulations must be equivalent. u

The conditions in (83)—(84) yield a notable advantage over the equivalent condition in (71) in terms of computation.
Based on (71), one may expect that the achievable rate region must be generated by evaluating the minimization over
a grid of (Ry, Ry) values. However, from (83)—(84), we can avoid such a computationally complex search by instead
evaluating the minimization in (83) over a range of 2 values, and the minimization in (84) over a range of R, values.
Thus, the number of minimizations performed is reduced from O(N7N3) to O(N; + N3), where for v = 1,2, N, is
the number of points used in the quantization of the R, axis.

The dual expressions for the error exponents in (55)—-(56) and (76)—(77) are given in the following theorem.

CcC

Theorem 4. The exponents ETq, ETS, ElS9 4 and ES4 o can be expressed as

r, 1>
E(Q,Ry) = sup Eg5(Q,p1) — p1Ry (85)
p1E[0,1]
E5(Q, Ro) = sup EGH(Q,p1) — p2RR2 (86)
p2€[0,1]

Er521(Q, Ry, Ro) = sup E§%2.1(Q, p1, p2) — p1(Ry + p2Ra) (87)

ple[071]1p2€[071]
Er522(Q, Ry, Ry) = sup E§22(Q, p1, p2) — p2(Ra2 + p1 1), (88)

p1€[0,1],p2€[0,1]

where
E[¢(X1, X2, Y)* e | X0, VN 2 ,
ES(Q,p1) & sup logEK > ezvlav(X")d’V} (89)
51(Q-p1) 520,01 ()04 (-),a% (") q(X1, X5,V )ser(X0)
E[g(X1, X2, V)% [ X1, Y]\ o ,
ECC Q7p2 é sup _logE|:< e y=1(1’1/(XU)_¢l/ (90)
0,2( ) 520,a5(),a} (-)sa4() q(Xl’X27Y)sea2(X2)
ES,C12,1(Q7P1,P2) £ sup
§20,a1(-),a2(-),a;(-),a5(-)
E[q(X 1, X2, Y) e (X2) | ]\ 72 en1 (K0 S al (X))
—logE (EK (X1, Xy, Y ) eoa(Xa) (%) X1,Xs,Y e2v=1% v 91)
ES,C12,2(Q701, p2) £ sup

520,a1(-),a2(-),a;(-),a5(")

E[q(X1, X, V)P et (F0) | T,] \ 1 e02(Fa) SO
—lOgE[<E|:< [q( 1, A2, ) € ‘ 2}) € ’Xl,XQ,Y:|> 62'2’:1 aV(XV)—¢,/‘|’ (92)

Q(X1,X2,Y)Sea1(X1) caz2(X2)

and where (X1, Xo,Y, X1, X2) ~ Q1(x1)Qa(x2)W (y|z1, 22)Q1(T1)Q2(T2) and ¢!, £ Eq, [a,(X,)] (v = 1,2). Each

supremum over a, () and a),(-) is taken over all real-valued functions on X,.
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Proof: Each expression follows from its counterpart in (55)—(56) and (76)—(77) using Lemma 5 and Fan’s minimax
theorem [30]; details are given in Appendix C. [ |
The expressions in (87)—(88) contain two parameters p; and po, thus differing from the usual error exponents
containing a single value of p (e.g. [31, Ch. 5]). These two parameters correspond to the two min{1,-} terms in the
RCU bounds (42)—(43). To our knowledge, the first exponents of this form were by Poltyrev [32] in the setting of
broadcast channels with degraded message sets.

The following dual expression for the achievable rate region follows from (85)—(92).

Theorem 5. The region R*™(Q) in (69)~(71) can be expressed as the set of rate pairs (R, Ry) satisfying

X1, Xo,Y)*en(X1)
Ry < sup E |log E( 1 X3, V) c (93)
s>0,a1(-) E[q(X1, X5, Y)sew(X0) | X5, V]
X1, Xo,Y)%e2(X2)
Ry < sup E|log 4 LA )eﬁ (94)
5>0,as(-) E[q(X1,X2,Y)sew(X2) | X, Y]
and at least one of
i ((X1, X, V)P er2(X2)) 2 o (X1) ]
Ry < sup E |log — —— — p2R2 95)
pa€l0.1].520.01() aa ") E[(E[g(X1, Ko, V)ren 2 [ X,]) e X0 | v]
I (X1, X, V)P0 (X0) P aa(X2) ]
Ry < sup E |log —— —— T — — (96)
p1€[0,1],5>0,a1(-),a2(-) E[(]E [q(XhXQ’Y)seal(Xﬂ ’XZ]) ea2(X2) ‘ Y]

where (X1, X2,Y, X1,X32) ~ Q1(71)Q2(x2)W (y|x1, 12)Q1(Z1)Q2(T2), and for v = 1,2, each supremum over a,(-)

is taken over all real-valued functions on X,,.

Proof: The conditions in (93)—(96) follow from (85)—(88) respectively using a similar argument to Gallager’s
single-user analysis [33]. For example, (95) follows from (87) by setting af(z1) = a4(x2) = 0, fixing s, a1(-) and
as(+), and taking the limit as p; — 0. The equivalence to (69)—(71) follows by making use of the alternative conditions
in (83)-(84) and applying Lagrange duality techniques analogously to Theorem 4. For example, for showing the
equivalence of (83) and (95), the desired result follows from Steps 1-2 of the proof of Theorem 4 in Appendix C-A,
using (1 X Q2 x W in place of Px, x,y. |

C. Exponents and Rates for General Alphabets

In this section, we show that the expressions given in Theorems 4 and 5 remain valid for the memoryless MAC with
general alphabets. We make use of the cost-constrained ensemble [8], [15], [31], defined as follows. We fix Q1 € P(X})

and Q2 € P(X}) and choose

1 n
PXV (wl/) = H Qu(xu,i)]l{wu S Du,n}a (97)

Hu.n i1

where for v = 1,2, p, ,, is a normalizing constant, and

1< §
D, 2 G - i) — <—-,l=1,....L
v,n {wu n izzlau,l(xu,z) (bV,l = n7 l ) ) V} (98)
¢V,l £ EQ,, [au,l(XV)] ) (99)

where ~{ay71}lL:”1 are cost functions, and ¢ is a positive constant. Thus, the codewords for user v are constrained to

satisfy L, cost constraints in which the empirical average of a,(-) is close to the true mean. We allow each of the
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parameters to be optimized, including the cost functions. In principle, § could vary with [, v and n, but a fixed value
will suffice for our purposes. By choosing L1 = Lo = 0, we recover the i.i.d. ensemble studied in [17].

The cost-constrained ensemble has primarily been used with L,, = 1 [15], [31], but the inclusion of multiple cost
functions has proven beneficial in the mismatched single-user setting [8], [34]. In this section, we will see that the
use of multiple costs is beneficial for both the matched and mismatched MAC. It should be noted that the costs are
not being introduced to meet system constraints (e.g. power limitations), but instead to improve the performance of
the random-coding ensemble itself. Thus, the costs can be thought of as auxiliary costs rather than system costs. The
latter can easily be handled similarly to the former (e.g. see [8, Sec. VII], [34]), but in this paper we assume that the
channel is unconstrained.

The following proposition from [8] will be useful.

Proposition 1. [8, Prop. 1] For v = 1,2, fix L, and the cost functions {al,)l}le”l. Then p, , = Q(n=Lv/2) provided
that the second moment of a, (X,) is finite under X, ~ Q, forl=1,...,L,.

We begin with the following generalization of Theorem 4.

Theorem 6. For any memoryless MAC, the error exponents in (85)—(92) are achievable, where each supremum is
subject to the constraints Eq, [a,(X,)?] < co and Eg,[al,(X,)?] < co (v = 1,2). Furthermore, these exponents can
be achieved using the cost-constrained ensemble with L1 = Lo = 5.

Proof: The proof is similar for each exponent, so we focus on E, 151. We define Q} (x,) £ [T, Qu(z,;) for

v = 1,2. Expanding (42) and applying Markov’s inequality and min{1,a} < a” (0 < p < 1), we obtain'

I‘C1112’1 (TL, Ml)

< Z Px,(z1) Px,(22)W" (y|z1, T2) (Ml Z PX1(5'31)(

T1,T2,Y

. n(—= = s\ p2\
MZZEZ Px,(2)q" (%1, %2,y) > ) (100)

- (1, T2, y)*
1

for any p; € [0,1], p2 € [0,1] and s > 0. For v = 1,2, we let a,(x) and a,(x) be two of the five cost functions
in the ensemble, and we define al(z,) £ Y1, ay(20,), a*(z,) = Y1, a,(z,:), ¢y = Eg,[a,(X,)] and ¢/, =

Eg, [a,(X,)]. Using the bounds on the cost functions in (98), we obtain

retg, (n, My) < Xt N T Py, (@) P, (w2) W (gl 2) (Ml > Px, (@)

T1,T2,Y ES1

- =\ (7. T spay (T2) \ P2 LaT (F1) P ,
X (M2 Zmz PX2(.'E2)q (mlvaay) e ) e ™ ) e 12/:1 a,,n(ﬂ'z'u)*n(b”, (101)

q”(xl,wz,y)seag(mﬂ ea?(ml)
We further upper bound (101) by substituting (97) and replacing the summations over D, ,, by summations over all
sequences on X. Expanding the resulting terms (e.g. W" (y|x1, 22)) as a product from 1 to n and taking the supremum
over (s, p1,p2) and the cost functions, we obtain a bound whose exponent is given by (87), with a prefactor of

e20(p1tp1p2+1)

1+p1 1+pip2 °
1,n 2,n

(102)

From Proposition 1 and the assumptions on the second moments of the cost functions, this prefactor is subexponential
in n.

Dealing with the other three exponents in (85)—(92) similarly, we conclude that it suffices to choose L; = Ly = 5.
To see this, one can simply count the number of occurrences of each a,(-) and a(-) in (89)—(92). It suffices to let the

cost functions for Ey 121 and Ey 122 coincide, since the error exponent for the type-12 event is the maximum of the

'In the case of continuous alphabets, the summations should be replaced by integrals.
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two. |

From Theorem 6, we immediately obtain the following generalization of Theorem 5.

Theorem 7. An achievable rate region for the memoryless MAC is given by R"™(Q) in (93)~(96), where each
supremum is subject to Eq, [a,(X,)?] < oo (v = 1,2). Furthermore, any point in the region can be achieved using

cost-constrained random coding with L1 = Ly = 3.

Proof: The proof of the first part is identical to that of Theorem 5. The sufficiency of L; = Ly = 3 follows from

the fact that the functions a/ (-) and a4(+) are set to zero in the proof of Theorem 3. |

D. Application to the Matched MAC

In this section, we apply our results to the setting of ML decoding, where ¢(z1,x2,y) = W (y|z1, 22). As mentioned
in Section I-C, an exponent for the constant-composition ensemble was derived by Liu and Hughes [19], and was shown
to yield a strict improvement over Gallager’s exponent for the i.i.d. ensemble [17] even after the optimization of the
input distributions. This is in contrast to the single-user setting, where the two coincide after the optimization of the
input distribution [11].

1) Simplified Primal Expressions for the Exponents: We will show that, in contrast to the mismatched setting, the

C
T

following proposition, which shows that the exponents (79, E;%, Ef.fl,Q) (see (55)—(56) and (68)) under ML decoding
coincide with those of Liu and Hughes in the absence of time-sharing [19].

?1,2 in (68) is used in place of E[,. We begin with the

overall error exponent E:° given in (67) is unchanged when E <

Proposition 2. Under ML decoding (i.e. q(x1,72,y) = W (y|x1,22)), E;S, EfS and E;ECI/Q can be expressed as

ES(Q,Ry) = min D(Px, x,v||Q1 x Q2 x W) + [Ip(X1; X5,Y) — Rlﬁ (103)
’ Px,x,y €5°(Q)
E%(Q, Ry) = min_ D(Px, x,v[|Q1 X Qo x W) + [Ip(X2; X1,Y) — Ro] " (104)
’ Px, x,y €5°(Q)
Eﬁ,cllz(Q7Rl7Rz) = min_ D(Px,x,v[|@Q1 x Q2 x W) + [D(Px, x,v Q1 X Q2 x Py) — (Ry + R2)]+-
Px, x,y €5°°(Q)
(105)

Proof: This proposition states that in the matched case, the minimizations over ﬁxl X,y 1n (55), (56) and (68) are
achieved by }5X1 X,y = Px, x,v. The proof is nearly identical to [11, Lemma 9] and is omitted. |

The statement that £7%, can be replaced by Eﬁcllg is formally given in the following theorem.

Theorem 8. Under ML decoding (i.e. q(x1,x2,y) = W (y|z1,z2)), we have for any input distributions (Q1,Q2) and
rates (Ry, Ry) that

min { E25(Q, R1), Bf%(Q, R2), E{S5(Q, Ry, R2) } = min { E2%(Q, R1), EfS(Q, Ra), Eﬁﬁ/z(Qa Ri,Ro)}.  (106)

Proof: We know that ET9, > E,‘Ecl'2 always holds, and hence the left-hand side of (106) is greater than or equal
to the right-hand side. It remains to show that the converse is also true. To this end, we will show that the converse
statement holds when ET¢, is replaced by a quantity which is greater than or equal to E79,. From the definition of

TS (Px, x,v)s ]le x,y = Px, x,v always satisfies the constraints of (58), and hence

Er95(Q, Ry, Re) < F12(Q, Ry, Ry), (107)
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where

Fi2(Q,R1,Rs) = min_ D(Px,x,v|[Q1 x Q2 x W)
Px,x,y €5°(Q)

+
+ [max {IP(Xl;Y) — Ry, Ip(X2;Y) — Ro, D(Px, x,v||Q1 X Q2 x Py) — Ry — RzH . (108)

We wish to show that

min { E59(Q, R1), E;5(Q, Rs), Fi2(Q, R, R2)} < min {E%(Q, Ry), Eﬁ,c2(QaR2)7Eﬁ,C1/2(Q7R1»R2)}' (109)

It suffices to show that whenever F'» exceeds E C12, Fi5 also greater than or equal to either E7S or ET%. Comparing
(105) and (108), the objective in (108) only exceeds that of (105) when the maximum in (108) is achieved by
Ip(X1;Y) — Ry or Ip(X2;Y) — Ry. We show that the former implies F12 > E79; it can similarly be shown that the

latter implies Fjo > Eﬁcg If Ip(X;1;Y) — R; achieves the maximum, we have
Ip(X1;Y) — Ry > D(Px, x,v||Q1 x Q2 X Py) — Ry — Rs. (110)

Using the identity
D(Px, x,v [|Q1 x Q2 X Py) = Ip(X1;Y) + Ip(X2; X1,Y), (111)

we can equivalently write (110) as Ip(Xs; X1,Y) < Ry. However, substituting any such Px, x,y into (104) yields an
objective of D(Px, x,vy (@1 x Q2 x W), which cannot exceed the objective in (108). It follows that Fi» > Ef5. ®

While it is possible that E79, > E;ffu under ML decoding, Theorem 8 shows that this never occurs in the region
where E, 12 achieves the minimum in (67). Thus, combining Theorem 8 and Theorem 2, we conclude that the exponent
given in [19] is the true exponent for the constant-composition ensemble under ML decoding. While we have only
proved this in the absence of time-sharing, the same holds true when time-sharing is used; see Section III-E for further
discussion.

2) Dual Expression for the Exponent: The following theorem gives dual expressions for the exponents of Liu and

Hughes [19] in a form closely resembling Gallager’s exponents for the i.i.d. ensemble [17].

Theorem 9. For any DM-MAC with ML decoding (i.e. q(x1,22,y) = W (y|z1,22)), the error exponents for constant-

composition random coding (103)—(105) can be expressed as

Eﬁcl(Q Ry) = sup Eo 9(Q,p) — pRy (112)
p€[0,1]
E7CC2(Q Ry) = sup EOQ(Qa p) — pRy (113)
p€l0,1]
r12(Q Ry, Ry) = s1[1p}E0 12(Q p) — p(R1+ Ra), (114)
pe[0

where

14+p
Egh(Q,p) = sup logZQg T (ZQl x1)W (y|z1, z2)1+pezv v (@)= ¢”) (115)

ay(-),az2(

x2,Y
1+p
E55(Q,p) = sup —IOgZQ1(x1 (ZQz (22) W (ylary, o) 57 €20 @ (@)= ¢") (116)
@) ey
, . ) 1+p
E§12(Q, p) = (SUP logz ( Z Q1($1)Q2($2)W(Z/|3§1,$2)””62”1%(%)_%) . (117)
a x1,ao

Furthermore, these exponents are achievable in the case of general alphabets using the cost-constrained ensemble with

Ly = Ly = 3, provided that each supremum is restricted to cost functions a,(X,) whose second moment is finite
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under X,, ~ Q,.

Proof: By definition, Eﬁcl'Q can be obtained from either of (76)-(77) by removing the first term in the max{-,-}.
From the proof of Theorem 4, we conclude that the analogous statement in the dual expressions (85)—(92) is that the
supremum over pz in (91) (respectively, (92)) is replaced by py = 1 (respectively, p; = 1). With these substitutions,
(91) and (92) become equal. Thus, it suffices to show that (89)-(91) coincide with (115)—(117) under ML decoding.
We focus on (91) and (117), since the others are handled similarly.

Setting po = 1 in (91) and renaming p; as p, we obtain the E function

ES5(Q.0) 2 —log > Qu(z1)Q2(22)W (ylz1, 22)

Z1,22,Y

— _ = \s.S2au (T )—

" >z 3 Q1(T1)Q2(T2) W (YT, Tp)*e2ov=r @ () =0 pezi:la;(%)ﬂb;
W (y|@y, 20)seXi=1 av(@)—éu

(118)

= —log )" ( > Qi(@1)Qa(w)W (ylar, w2) ' P e X0 aum»—%—mauw»—m)
Yy

x1,T2

P
2 —
X ( > Ql(m)QZ(xz)W(yxl,xz)SeZvI“VW¢") : (119)
T1,T2
where in (118) we multiplied the numerator and denominator of the fraction by e~ (@11+62) where ¢, £ Eq, [au (X))

Using Holder’s inequality similarly to [31, Ex. 5.6], we can lower bound the argument to the logarithm in (119) by

>

Furthermore, using the sufficient condition for equality in [31, Ex. 5.6], we conclude that this lower bound can be

achieved by choosing s = 11Tp and a),(z,) = (1 + p)a,(z,). By handling the other Ey functions similarly, we obtain

the first part of the theorem. For the second part, it only remains to show that the choice L1 = Lo = 3 suffices. This

1 2 1+P
ZQl(wl)Qz(wz)W(ylwl,xz)lﬂ’ezv1“'*(“””)¢"> . (120)

T1,T2

is seen by noting that whenever two cost functions are scalar multiples of each other (in this case, a,(-) and a,(-))
one of them can be removed without affecting the exponent obtained. [ ]
It is possible to derive Theorem 9 more directly, without using the mismatched decoding results of the previous

sections; see [353, Sec. V] for details. Gallager’s exponents [17] are obtained by setting a1 (-) = a2(-) = 0in (115)—(117).

E. Time-Sharing

In this subsection, we discuss the concept of time-sharing for the MAC. We begin with a brief overview of time-
sharing for the matched MAC, which is included in order to elucidate the subtle issues which arise in the mismatched
setting.

1) Matched Setting: For any pair of input distributions (@1, @2), the achievable rate region for ML decoding is
pentagonal and therefore convex. However, the region obtained by taking the union over all (Q1,@2) is non-convex
in general. To obtain the remainder of the capacity region, one can use the standard time-sharing argument in which
one pair of codebooks is used for An symbols of the block, and another pair of codebooks is used for the remaining
(1 — A)n symbols. We refer to this scheme as explicit time-sharing, or simply time-sharing.

A drawback of explicit time-sharing is that the corresponding error exponents can be low. If Eﬁl) is the exponent
for some rate pair (Rgl)7 Rgl)) and B is the exponent for another rate pair (R?% Rg)), then the resulting exponent
for the weighted rate pair

R, = XRM +(1-MNRP, v=1,2 (121)
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is given by
E,(R1, Rs) = min {AEf.”(Ri”, RWM), (1 - NE@RP, Rgz>)}, (122)

which may be particularly low if X is close to zero or one. Nevertheless, we have E,.(R;, Rz) > 0 provided that
EM >0, E® >0and A€ (0,1).

Higher error exponents can be obtained by considering the coded time-sharing ensemble [28], which directly achieves
any point in the capacity region. Each codeword is generated conditionally on a (possibly random) time-sharing sequence
U in U™, where U is a finite time-sharing alphabet. For example, one may consider conditional i.i.d. random coding

of the form

Px,o(@,|u) =[] Qu(@vilu), (123)
=1

where Q1 and )5 are (conditional) input distributions. Let Eéu) denote the E function (e.g. see (115)—(117)) for some
error type under i.i.d. random coding on Q1 (-|u). Using coded time-sharing with & = {1,2}, Qu = (\,1 — )), and

U equal to a deterministic sequence with type close to QJy7, we obtain the Fy function [17]
Eo=ME{" + (1 - NEP. (124)

In contrast to explicit time-sharing, we see that the exponent does not tend to zero as A approaches zero or one.
Similar improvements apply for the constant-composition ensemble and cost-constrained ensemble. For the former,

we let (), ,, be the closest conditional type to @), for v = 1,2, and write

1

Px, (@, |u) = O] 1{xz, € Tu(Qun)}, (125)
The cost-constrained ensemble is described by
1 n
PX,,|U(wV|u) = H Qv(xu,i|ui)ﬂ{wu € Dv,n}a (126)
=1

where

A
Dy,n = {mu :

and where each quantity is defined similarly to (98)-(99) (e.g. ¢ = Eqy xq, [avi (U, Xu)]).

2) Mismatched Setting: Under mismatched decoding, explicit time-sharing behaves similarly to the matched setting.
(2)
2

n
D ani(ui,wg) = dug
i=1

gé,l_l,...,LV} (127)
n

For time-sharing between two achievable pairs (Rgl), Rél)) and (RgQ), R5™) with exponents EXY and B, one can
achieve the rate pair described by (121), with the exponent given by (122).

It may seem reasonable to conjecture that one can use coded time-sharing with |I/| = 2 to prove the achievability of
any point on the line segment between two achievable points (Rgl), Rél)) and (R§2), Réz)). However, in the mismatched
setting, this is not true in general. Before showing this, we outline some of the results when coded time-sharing is used.
Since the changes compared to the case I/ = () are similar for each error type, we focus on the type-12 quantities.

For general conditional codeword distributions Px |y with a (possibly random) time-sharing sequence U ~ Py,
the RCU bounds in (40)—(43) should be modified so that outer expectation is over (U, X1, X,Y). For each of the
ensembles in (125)-(126), we let U be a deterministic sequence u € T"(Qu,,), where Qu , is the most likely type

under ). Following the analysis of Section III-B1, the analogous exponent to E79, in (58) is given by

EXS(Q,Ri, Ry) £ min min D(Pyx,x,v||Qu x Q1 x Q2 x W)

Pyx,x,vy €5°0%(Q) ISX1 X,y €T (Pux, x,v)

~ ~ +
4 [max {Iﬁ(xl;yw) — Ry, I5(X9; Y|U) = Ra, D(Pux, xov |Qu x Q1 x Qo x Py) — Ry — RQH . (128)
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where
SeB(Q) £ {PUX1X2Y €EPUx Xy x Xy x)) : Py=Qu,Px,ju=0Q1, Px,ju = Qz} (129)

f;its(PUXleY) 4 {ﬁUX1X2Y € 'P(Z/I X Xl X Xg,y) :
Px,iv = Px,ju» Pxojv = Pxojvs Puy = Puy, Epllog q(X1, X2, Y)] > EP[IOgQ(Xl’XQ’Y)]}' (130

In the dual domain, the analogous quantity to Eg, ; in (91) is given by

ES51(Q. p1,p2) & sup
3207‘11('7')"12('»')aa/1('7')’0’/2('7')
E[q(X1, Xy, Y) e X2) | X |\ 72 o (eX0) Sl X)
7ZQU(U)10gE (E[( Q(X17X27Y)sea2(u7X2) ea1(u,X1) X1, X2, ¥ esv=tTn E

(131)

where for each u, the expectations are taken with respect to the conditional distribution (X1, X5,Y, X1, X0 |U =u) ~

Q1 (z1)u)Q2(x2|u)W (y|x1, x2)Q1(T1 |u)Q2(T2|u). Similarly, the rate condition corresponding to (71) is

Ri+ Ry < min D(Pyx,x,v||Qu x Q1 X Qa x Py), (132)

Pux,x,v €T3 ™ (QuXxQ1xQ2xW)
If,(Xl;Y‘U)SRl, 115(X2,Y|U)SR2

and the rate condition corresponding to (95) is

X X Y S az(U,Xg) P2 G«l(U-,Xl)
Ry < sup E |log (¢(X1, X5,Y)% )"e

= — o\ = —p2lty,  (133)
p2€[0,1],5>0,a1(-,-),az (") EKE [¢(X1, X, Y)seo2(UXz) |X1]) enr(UX) | Y}

where U ~ Qy.

We now compare the above rate conditions with those obtained by explicit time-sharing, focusing on the case that
U = {1,2}. We again write Qu(1) = A and Qu(2) =1 — A, and we assume that the time-sharing is done using the
input distribution vectors Q) and Q? and the rate pairs (Rgl), Rgl)) and (R§2>, Rg)). We make use of the quantities
R; and Ry defined in (121).

We first consider the primal domain expressions. We have from (122) that under explicit time-sharing, the condition
corresponding to (71) is given by

Ry <A min D(Px,x,yv[|Q1 x QWY x Py)+ (1—A) min D(Px,x,v QP x Q¥ x Py), (134)

Px, xyv Px, X,y
where the minimizations are subject to constraints of the form in (71), the first using Q(l) and the second using Q(Q).
By writing the first minimization variable in (134) as ﬁxl x,v|u=1 and the second as ﬁxl X,Y|U=2, WE can combine

these into a single minimization over ]3U X, X,Y, Where ]5U = Qu-. The resulting rate condition has the same form as
(132), but with the constraint E5[log ¢(X1, X2,Y)] > Ep[log ¢(X1, X3,Y)] replaced by

Esllog q(X1,X2,Y) |U = u] > Epllogq(X1,X5,Y)|U =u], u=1,2, (135)
and each constraint /5(X,;Y|U) < R, (v = 1,2) replaced by
I5(X; YU =u) <R, u=1,2. (136)

It follows that the constraints on ﬁU X, X,y are stricter for explicit time-sharing than for coded time-sharing; the former
must hold for each value of u, while the latter only need to hold for the average over u with respect to Q7. Since the
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minimization for the coded time-sharing ensemble is over a larger set, the resulting rate cannot be higher, and can in
fact be strictly lower.

A similar observation applies in the dual domain. Let us write I12(Q, s, p2) to denote (95) with fixed values of s
and ps in place of the suprema. Using explicit time-sharing, the condition corresponding to (93) is given by

Ry <)\ sup Ilg(Q(l), s, p2) + (1 - )\) sup Ilg(Q(Q), 8, p2), (137)
$>0,p2€[0,1] $>0,p2€[0,1]

whereas from (133), coded time-sharing only permits

Bi< s (M@, s ) + (1= NHa(Q?,5,p2)) (138)

§20,p2€[0,1]

In other words, the coded time-sharing ensemble only allows a single choice of (s, p2), whereas explicit time-sharing
allows (s, p2) to vary with u. An analogy to the above discussion regarding the primal expressions can be seen by
interpreting (s, p2) as Lagrange multipliers.

In summary, the achievable rate regions of the coded time-sharing ensembles can be strictly smaller than those of
explicit time-sharing in the mismatched setting, in contrast to the matched setting. However, from the above discussion
preceding (122), we expect coded time-sharing to yield higher error exponents for many channels and metrics, at least
for some rate pairs. It remains an open question as to whether the rate region of explicit time-sharing can be achieved

using a different approach which yields better exponents.

F. Application to Single-User Mismatched Channels

The parallel BSC example [6] given in Section I-C shows that the achievable rate region for the MAC can be used
to improve on the LM rate in the single-user setting. In [6, Thm. 4], Lapidoth showed that we can in fact do even
better by expurgating all codeword pairs except for those have a fixed joint type approximately equal to Q1 X Q2. Such
expurgation is not possible for the mismatched MAC, since it requires cooperation between the users.

We state the achievable rate region of [6, Thm. 4] in the following theorem, making using of the sets

TE(Qu x Qo x W) 2 TE(Qu x Qo x W) 1 { Pryxay & Py = @1 % Qs (139)
for v = 1,2,12, where the sets 7,°° are defined in (49)—(51).

Theorem 10. [6, Thm. 4] Let the DMC W' (y|x) and metric ¢'(x,y) be given, and let W (y|z1, 22) = W' (ylv(x1, 22))
and q(x1,x2,y) = ¢ (Y(x1,22),y) for some finite alphabets X1, Xy and function ¢ : Xy X Xy — X. An achievable
rate for W' with the metric q' is given by R = Ry + Ry for any (Ry, Rs) satisfying

R1 S _ min Ilg(Xl,Y|X2) (140)
Px, x5,y €T (Q1 X Q2 xW)
Ry < min Ilg(Xg;Y|X1) (141)
Px1 x,y €ETFO*(Q1 X Q2 X W)
Ri+ Ry < min Iﬁ(X17X2;Y) (142)

Px; x,v €T15 ™ (Q1 X Q2 X W)
I5(X1;Y)<R1, I5(X2;Y)<Ro

for some QQ1, Q.
Analogously to Lemma 8, we have the following.

Lemma 9. The achievable rate region in Theorem 10 is unchanged if the condition that (142) holds is replaced by
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the condition that at least one of the following hold:

R+ Ry < min Iﬁ(Xl,Xg;Y). (143)
Px; x,v €T%5 (Q1xQ2xW)
I5(X1;Y)<Ry

Ri+ Ry < min I5(X1, Xo;Y). (144)

Px,x,v €T15 7 (Q1xQ2xW)
I5(X2;Y)<R2

Proof: The condition in (142) can equivalently be written as

0< min max { T(X0;Y) = Ry, T5(X03 V) = R, Ip(X0, Xo;¥V) = B = R} (145)
Px, x,y €T3 (Q1 X Q2 X W)

The lemma follows by writing (143)—(144) in a similar form and applying Lemma 6, analogously to the proof of
Lemma 7. [ ]

The following theorem is analogous to Theorem 4, and can be proved similarly using Lagrange duality techniques.
The only significant difference in the derivation is the additional constraint ﬁxl x, = Q1 X Q)2 in each primal expression,
and the presence of joint functions a(z1, z2) in each dual expression rather than separate functions a;(x1) and as(z3).

The proof is omitted to avoid repetition.

Theorem 11. Under the setup of Theorem 10, the pair (R, Rs) satisfies (140)—(142) if and only if it satisfies

X X, Y)$ a(X1,X2)
R < sup E|log j( 1, X,Y) < (146)
s>0,a(-,) E[q(X1, X2, Y)5ex(X1:X2) | X, Y]
X X, Y)$ a(X1,X2)
Ry < sup E |log e ~L 22 )’e — (147)
$>0,a(-,") E[Q(X1,X2,Y)Sea(X1’X2) |X17Y}
and at least one of
(4(X1, X5, V)P0 2
R1 S sup E 10g — S — D2 7P2R2 (148)
pr€l0.1],520.a(-,) E[(E [4(X1, Xo, V)seo(X1.X2) | Xl]) | Y}
| X1, Xo,Y)*er(X1:X2)) 7 ]
Ry<  sup  E|log X, Xo, V) e )7 — By (149)
pr€[0,1],5>0,a(-,") E[(E [q(X1, Xa, V)sea(X1,X2) yx2]) \Y}

where (X1, Xo,Y, X1, X2) ~ Q1(x1)Q2(x2)W (y|z1, 22) Q1 (T1) Q2(T2).

It is possible to prove the achievability of R = R; + Rs for (R1, Ry) satisfying (146)—(149) directly, and to extend
the validity of the result to general alphabets. The main difference compared to [6, Thm. 4] is that instead of expurgating
all codewords except those of a given type, we expurgate all codewords which fail to meet a set of joint cost constraints
of the form "

‘i}:m@uﬂmﬁﬁ <6, (150)
i=1
for some functions {a;}%, and a sequence d,, where ¢, £ Eq, xq,[a(X1, X2)].

We do not pursue the above approach further in this paper. Instead, we show in the following section that superposition
coding yields an achievable rate at least as high as that of Theorem 10 for any DMC. The superposition coding approach
extends more easily to general alphabets, without the need for expurgation. Furthermore, unlike the proof of Theorem
10 (see [6, Thm. 4]) or its variation outlined above, our analysis of superposition coding yields non-asymptotic bounds
and error exponents as intermediate steps.
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IV. SUPERPOSITION CODING

In this section, we study superposition coding (SC) [36]-[38] for the mismatched single-user channel introduced
in Section I-A1l. The parameters of the ensemble are an auxiliary alphabet U/, an auxiliary codeword distribution Py,
and a conditional codeword distribution Px¢;. We fix the rates Ry and R;. An auxiliary codebook {U (i)}f\iﬂl with
My £ exp(Ry) codewords is generated at random, with each auxiliary codeword independently distributed according
to Py. Foreach i = 1,--- , My, a codebook { X (. )};”ill with M; £ exp(R;) codewords is generated at random, with
each codeword conditionally independently distributed according to Px . The message m at the input to the encoder
is indexed as (mg, m1), and for any such pair the corresponding transmitted codeword is X (mo,m1) Thuys, the overall

number of messages is M = M; M, yielding a rate of R = Ry + Ry. More compactly, we have

. .. ]\/{0 MO . Ml .. .
{0 )}~ T (o) [T Prio e ). (15
i= i=1 j=1

We assume without loss of generality that message (1,1) is transmitted, and write U and X in place of UY and
x LD respectively. We write X to denote an arbitrary codeword X (1) with j # 1, and we write U and X to denote
arbitrary codewords U and X9 with i = 1. Thus, defining Y to be the channel output, we have

(U,X,Y,X,U,X) ~ Py(u)Pxu(lu)W" (y|z) Pxu(F|uw) Py (@) Px v (Z[). (152)

The decoder forms an estimate 1 = (g, M) according to (2). We distinguish between the following two types of

€rror:

(Type 0) 1o # Mo
(Type 1) My = mg and My # my

The random-coding error probabilities for a given random-coding ensemble are denoted by p, o(n, Mo, M) and
Pe.1(n, My) respectively. The overall random-coding error probability p, (n, Mo, M;) thus satisfies

InaX{pe,O?TQe,l} S Tje S T)e,O + ﬁe,l' (153)

The primal-domain exponents and rates in this section (Theorems 13 and 14 below) coincide with those obtained in
the independent work of Somekh-Baruch [9]. We thus omit their proofs, and focus our attention on results which are

being presented here for the first time.

A. Random-Coding Bounds

In Section III, we used Lemma 3 to obtain ensemble-tight error exponents for the mismatched MAC. Since the proof
used the method of types, the corresponding subexponential prefactors differ by a polynomial factor depending on the
alphabet sizes. For superposition coding, we can in fact obtain non-asymptotic upper and lower bounds which coincide
to within a constant factor.

Theorem 12. Under the random-coding distributions Py and Px |y, the ensemble-average error probabilities for the

maximum-metric decoder satisfy
1
grcuo(n,Mo,Ml) < Peo(n, Mo, My) < rcug(n, Mo, My), (154)

1
Zrcul(n,]\/ll) < Pea(n, My) <rcu(n, My) (155)
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where

rcug(n, Mo, My) £ E [min {1, (Mo — 1)E | min {1,M1P[m > 1 ’U] } ‘ U,X,Y] H . (156)
rcuy (n, Mp) £ E[min {1, (M — 1)1@{;}:8(;3 >1 ‘ U,X,Y} }] (157)

Proof: Equation (155) follows using an identical argument to the single-user setting, where the RCU bound is
known to be ensemble-tight to within a factor of i [8]. We thus focus on (154). By upper bounding the error probability

by that of a decoder which decodes ties as errors, we obtain

B q”(X(i’j),Y)

< _— > .

pw“”[,#U, Uy 21 (9
i#£1,5#1

Writing the probability as an expectation given (U, X,Y") and applying the truncated union bound to the union over

min{l, (M — 1)1[»{ U {m > 1}} }] (159)

i#1

7, we obtain

Poo <E

Applying the same argument to the union over j, we obtain the upper bound in (154). The matching lower bound
follows since breaking ties as errors increases the error probability by at most a factor of two [26], and since by
the construction of the ensemble, each truncated union bound was applied to independent events, thus guaranteeing
tightness to within a factor of % [23, Lemma A.2]. |

B. Exponents and Rates for DMCs

In this subsection, we assume that the channel is a DMC, and consider the constant-composition superposition coding
ensemble, which depends on a joint input distribution Qux € P(U x X). We let Qux ,, be the most probable type
under Qy x, and we denote the corresponding U marginal by Q) and the corresponding distribution of X given U

by Qx|u,n- The ensemble is characterized by

1 mn
Py(u) = mﬂ{u eT (QU,n)} (160)
1
Priw (@) = g 1 { € Ti@xn) | (161)

We state the exponents and rates corresponding to the non-asymptotic bounds in Theorem 12 without proof, since the
proofs are similar to those given in Section III, and since equivalent exponents and rates in a slightly different form

have been given by Somekh-Baruch [9]. We define the sets

S°(Qux) = {Puxy € PUx X xY) : Pux =Qux} (162)

T (Pyxy) & {ﬁUXY €PUxXxY): Pyx = Pyx, Py = Py, Egllogq(X,Y)] > Ep[log (X, Y)]}. (163)

T (Pyxy) & {-ﬁUXY ePUx X xY): Pux = Pyx, Pyy = Puy, Ezllogq(X,Y)] > Epllogg(X, Y)]}
(164)

Theorem 13. The random-coding error probabilities for the constant-composition superposition coding ensemble satisfy

Peo(n, e ™) = exp (- nESG(Qux, Ro, Ry)) (165)
Pea(n, ™) =exp (- nES (Qux, R1)) (166)

)
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where
Nt ) R ) R = min min
ro(Quix, Ro, Ba) Puxy€S«(Qux) Pyxy€T¢(Puxy)
+
D(Puxyl|Qux x W)+ [Ip(U3Y) + [Ip(X:Y|U) = Ri] " = Ro|  (167)
ES(Qux, Ri) = min min D(Pyxy||Qux x W) + [I5(X;Y|U) — R,] " (168)

Puxy €8°(Qux) Pyxy €T (Puxy)

The overall error exponent is given by

EE(Quix, Ro, B1) 2 min { B&(Qux, Ro, R), BSS (Quix, Fa) } (169)

and is tight with respect to the ensemble average. Following the steps of Section III-D, it can be shown that in the
case of ML decoding (i.e. ¢(z,y) = W (y|z)) the overall exponent can be expressed as

E(Qux, Ro, R1) = min {Ef,c(;(QUX, Ro, B1), 75 (Qux, Rl)}, (170)
where
E*(Qux, Ro, R1) 2 min D(Pyxy|Qux x W)+ [Ip(U, X;Y) — Ry — Ry]* (171)
’ Pyxy €8(Qux)
E;E’C1<QUX7R1) = mln D(PUXY”QUX XW>+[IP<X,Y|U)—R1]+ (172)
Puxy €S (Qux)

This exponent coincides with the error exponent for the primary user of a broadcast channel with degraded message
sets given in [38]. Thus, the exponent given in [38] is tight with respect to the ensemble average for ML decoding.

Next, we provide the achievable rates resulting from Theorem 13.

Theorem 14. The overall error exponent ES°(Qux, Ro, R1) is positive for all rate pairs (Ry, Rg) in the interior of
RM(Qux), where R*™M(Qux) is the set of all rate pairs (Ry, Ry) satisfying

R < min Ilg(X;Y‘U) (173)
Pyxy €T (Qux xW)
Ro+ Ry < min I5(U,X5Y). (174)
Puxy €Ty (Qux xW)
I5(U;Y)<Ro

Proof: These expressions follow by taking Pyx — Qux x W in (167)—(168), and noting that the objective of
(167) is always positive when I5(U;Y") > Ry. [ |
As discussed in Section III-B2, ensemble tightness of the exponent does not directly imply ensemble tightness of
the rate. In the present setting, the ensemble tightness of the rate follows via a straightforward extension of [6, Thm.
3] (see [9]). From the discussion following (169), we recover the rate conditions for the primary user of the broadcast
channel with degraded message sets [37] when ¢(z,y) = W (y|z).
The following theorem gives dual expressions for the rates. In the following subsection we will use cost-constrained
coding to show that these expressions remain valid in the case of continuous alphabets. Similar arguments can be

applied to the exponents, but we focus on rates the sake of brevity.

Theorem 15. The region R*™(Qu x) in (173)—(174) can be expressed as the set of all rate pairs (Ry, R1) satisfying

X.Y)s a(U,X)
Ri< sup E|log g(X, )% (175)

520,a(-,") Elg(X,Y)sexWX) | U, Y]
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( (X Y) a(UX))pl
Ry < sup E |log

— 71 — p1 Ry, (176)
prEl01]:520,0(,) E[(E[g(X, V)@ |T])" | 7]

where (U, X,Y,X,U,X) ~ Qux (u, 2)W (y|)Q x| (F|u)Qu x (T, T).

Proof: The proof is nearly identical to that of Theorem 5. Equation (175) follows from (173) analogously to
the steps in obtaining (93)—(94) from (69)—(70), and (176) follows from (174) analogously to the steps in obtaining
(95)-(96) from (83)—(84) (see the proof of Theorem 5 in Appendix C-A). |

C. Comparison to the Expurgated MAC

The achievable rate of Theorem 14 (superposition coding) has a similar form to that of Theorem 10 (expurgated

parallel coding). The following proposition shows that the former can be weakened to the latter.

Proposition 3. After the optimization of U and Qux, the achievable rate R°° = maxg, g, Ro + R1 described by
(173)—(174) is at least as high as the achievable rate R™*° = maxpg, r, 1 + Ro described by (140)-(142) with
optimized parameters X1, Xa, Q1, Q2 and (-, ).

Proof: We will make use of the equivalent type-12 conditions in (143)—(144) for the expurgated MAC. To avoid
ambiguity between overloaded symbols (e.g. R1), we use a superscript to specify the relevant ensemble for some
quantities (e.g. R3¢, R}"*°).

We will show that by identifying U®® = X{"*¢, Ri® = R{"*° and Ry° = R3'®°, we can weaken (173) to (140) and
(174) to (144). A similar argument with U%® = X3"%°, R$® = R5'*° and R{® = R"®° yields that we can weaken (173)
to (141) and (174) to (143). Combining these results, it follows that the achievability of the superposition coding rate
implies the achievability of any R = R; + Ry such that (Ry, Rs) satisfy (140)—(141) and at least one of (143)—(144),
as desired.

The process of weakening (173) to (140) is similar to that of weakening (174) to (143), so we focus on the former.
Setting U®¢ = X"?¢, the optimization in (173) can be written as

Py|x, x (71, )

Qx, x (z1,2) Py x, x (y|z1, 7) log (77)
Py\xlx x;y I ZQ; QX\X1($|$1)W(3/|‘T)
subject to the constraints
X:QX1 (w1, 2) Py|x, x (yla1, @) X:QX1 (z1, )W (ylx) (178)
> Qxyx (w1, 2) Pyix, x (yler, ) log g(a, y) > ZQX 2)W (ylz) log q(z, y). (179)
Il)a:7y w’y
Since ()x, x can be chosen arbitrarily, we set
Qx,x(x1,2) = > Qu(21)Qa(w2) 1{w = ¥(z1,72)} (180)
T2
for some @1, Q2 and ¥ (-, -). Under this choice, the objective in (177) is given by
> Qu(@1)Qa(@2) Pyyx, x (ylw1, (a1, 22)) log Prixixylon, vl ) (181)
e T Y, Qale2) Wyl (a1, 22))’

x1,T2,Y

and the constraints in (178)—(179) are written similarly with ¢ (z1, 25) playing the role of z. Since the objective and

constraints depend on ﬁy‘ x;x(y|x1, z) only through ﬁy‘ x; x (ylz1,¥(x1, z2)), we can lower bound the minimization
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by instead taking it over all conditional distributions }NDY| X, X,- Thus, we recover the minimization

Py x, x,(ylz1, 72)

ﬁyl‘iiln@ mlzx;y Q1(21)Q2(2) Py 1,3, (vl 2) log > e, @2(x2)W (ylh(21, 22)) (182
subject to the constraints
D Qu(21)Qa(w2) Pyyx, x, (Y1, w2) = Y Qu(w1)Qa(wa) W (y|to(w1, 22)) (183)

Y Qu(@1)Qa2(2) Py x, x, (yle1, 22) log g (w1, 22), )

T1,@2,y
> Y Qu(1)Qa(w2)W (Yl (w1, w2)) log q(vh (w1, 22),y).  (184)

T1,22,y
Rewriting this minimization as a minimization over joint distributions }le X,y subject to ]3X1 x, = Q1 X Q2, we
recover the right-hand side of (140). |

The result of Proposition 3 can be understood intuitively as follows. The condition in (173) corresponds to either
(69) or (70) (depending on the choice of parameters), and the condition in (174) corresponds to either (143) or (144).
The superposition coding rate only has two rate conditions (type-0 and type-1), whereas the expurgated MAC has three
(type-1, type-2 and type-12), thus allowing the former to be weakened to the latter. The sum rate condition in (71)
may appear to improve on that of (174) via the inclusion of two constraints of the form I5(X,;Y) < R, instead of
just one. However, from Lemma 9, at most one of these constraints is active for any given rate pair.

It may appear that the ability to choose Qu x in (173)—(174) provides more freedom than the ability to choose (1
and Q2 in (69)—(71). However, it is known that in the latter setting, any joint distribution of (X3, X) (or (X2, X))
can be induced by a suitable choice of #(-,-) [28, p. 626]. This suggests (but does not prove) that the converse to
Proposition 3 holds true, i.e. that the two rates are equivalent after the full optimization of the parameters.

Regardless of whether the two rates are equivalent after the full optimization of the random-coding parameters, the SC
bound appears to be more amenable to local optimization techniques, since the optimization over (X7, Xa, Q1, @2, 1)
is replaced by a seemingly simpler optimization over (U, Qux ). The optimization of the input distribution is a non-
convex problem in general even for the single-user LM rate [7], and thus the ability to perform local optimizations is

of interest.

D. Rates for General Alphabets

The following theorem shows that the expressions in Theorem 15 remain valid in the setting of general alphabets.

Theorem 16. For an arbitrary memoryless channel W and auxiliary alphabet U, the rate R = Ry + R is achievable
for any (Ro, Ry) satisfying (175)—(176), where the supremum over a(-,-) is taken over all functions such that the
second moment of a(U, X) is finite under (U, X) ~ Qux.

The main step in proving Theorem 16 is proving the existence of a suitable cost-constrained ensemble parameterized

by an input distribution Qu x and L cost functions {a;(u,z)} (I = 1,---, L). We will present an ensemble of the form
1 n
Py(u) = m [T Qu(u)i{u e D1} (185)
=1
1 n
Pxy(xlu) = WHQX‘U(@\W)H{@- € Dy(u)} (186)
AT =1

with Dy and Dy (u) chosen such that (i) lim, e = log 1., = 0, (ii) limy, o0 = log 2. (u) = 0 for all w € Dy, and
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(iii) there exists constants {¢;} and d such that for each [ = 1,--- , L, we have |% Z?zl ai(ug, ;) — ¢l| < %. Once
this ensemble is established, the proof of Theorem 16 will follow using similar steps to Section III-C, starting with
the RCU bounds given in Theorem 12. These remaining details are omitted to avoid repetition.

The ensemble presented here is a straightforward generalization of that used in [39] for a Gaussian setting, but is

described in detail for completeness. We fix 6 > 0 and a sequence g,,, and choose

D, & {u : P[X"(u) € Da(u)] > gl} (187)

Dy(u) = {a: : ’i;m(ui,xi) -

<5al]-7"'7L}7 (188)
n

where X' (u) ~ Q% y (x|u) and ¢; £ Eg[a;(U, X)]. For any u € Dy, we have from (187) that j5 ,,(u) decays subex-
ponentially provided that g,, grows subexponentially. Hence, it only remains to show that there exists a subexponential

sequence g,, such that y; ,, decays subexponentially.

Defining
(Ulvx/) ~ QE(UI)QT)L(\U(:E/|“/)’ (189)
we have from Proposition 1 that )
P[X' e D,(U")] = T (190)
n
for some f,, growing at most polynomially in n. Since p; , = P[U’ € D;] by definition, we can expand (190) as
1 / ! ! / ! !
= P[X' € Do(U")|U" € Di] 10 +P[X' € Do(U')|U' ¢ D1](1— p1,0) (191)
1
< pig + g—(l — P1n) (192)
1
< tin+t—, (193)

where (192) follows by upper bounding the first probability in (191) by one and upper bounding the second probability
using the definition of D;. Choosing g,, = 2f,, we have that g,, grows polynomially, and p; ,, > i decays at most
polynomially, as desired.

Since the conditions (175)—(176) each contain a supremum over a(-, -), it suffices to choose L = 2 in (188) to prove
Theorem 16.

V. REFINED SUPERPOSITION CODING

In this section, we study a refined version of the superposition coding ensemble which yields higher achievable
rates for single-user mismatched decoding than the standard version studied in Section IV. While our analysis of the
error probability will yield non-asymptotic bounds and error exponents as intermediate steps, we focus on the resulting
achievable rates for the sake of clarity.

The ensemble is defined as follows. We fix a finite alphabet I/, an input distribution Qy € P(U) and the rates Ry
and {R1y }uey. We write My £ efo and My, £ e™f1u. We let Py (u) be the uniform distribution on the type class
T™(Qu,n), where Qu ,, € Pp(U) is the most probable type under Qi;. Thus, as in (160), we have

1 mn
= mn{u eT (QU,,L)}. (194)

As was done for standard superposition coding, we randomly generate the length-n auxiliary codewords {U (i)}i]\i(’l

Py (u)

independently according to Py. The difference here is that the actual codewords are not generated conditionally
independently given U, Instead, we generate a number of partial codewords, and construct the length-n codeword

by placing the entries of a partial codeword in the indices where U takes a particular value.
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X3 = caaaq

u (1321323321 1|2

Figure 4. The construction of the final codeword from the auxiliary sequence u and the partial codeword @1, 2 and «3 for refined superposition
coding.

A more precise description is as follows. For each u € U, we define

My 2 Qun(u)n (195)

and fix a number of partial codeword distributions Px, € P(X™). For example, Px, may be ii.d., constant-
composition or cost-constrained. For each 7 = 1,..., My and u € U, we further generate the length-n, partial
codewords {X Ef’j“)}% ', independently according to Px,. For example, when & = {1,2} we have

) . M . M- Mo Mo ) My o Mo o
{00 G i) b~ T (o) T el T ). s
=1 =1

2 ji=1 ja=1

mo) ag

The message m at the encoder is indexed as (mg, miq, ... 7m1\u|)~ To transmit a given message, we treat U'
a time-sharing sequence; at the indices where U™) equals u, we transmit the symbols of X (™0:™14) There are
My [], M1y codewords, and hence the rate is R = Ry + >, Qu,n(u)R1,. An example of the construction of the
codeword x from an auxiliary sequences w and partial codewords x1, &2 and x3 is shown in Figure 4, where we have
U=1{1,2,3} and X = {a,b,c}.

For clarity of exposition, we will present the analysis in the case that &/ = {1,2}. The same arguments apply to
the general case. We let Z(u, 1, x2) denote the function for constructing the length-n codeword from the auxiliary

sequence and partial codewords, and write
x (Bd1.d2) & E(U(i>, Xgi%jl)’ Xg’jz))_ (197)

We let y,,(u) denote the subsequence of y corresponding to the indices where u equals w.
Upon receiving y, the decoder forms the estimate

(1ho, 1, 1h2) = arg max ¢" (x(#7172) y) (198)
(4,41,742)
= argmaxg™ (@1, gy (@) g™ (57, ya (u™)), (199)
2,J1,]2

where the objective in (199) follows by separating the indices where v = 1 from those where u = 2. By writing the
objective in this form, it is easily seen that for any given i, the pair (ji,j2) with the highest metric is the one for
which j; maximizes q”l(w(li’jl),yl(u(i))) and jo maximizes ¢"2 (a:éi’]é),yz(u(i))). Therefore, we can split the error

event into three (not necessarily disjoint) events:

(Type 0) 1o # Mo
(Type 1) 1o = mg and M1 # Mg

(Type 2)  1hg = mgo and 112 # M2
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We denote the corresponding random-coding error probabilities by p,, o(1, Mo, M1, M12), D, 1(n, M11) and p, 5(n, Mi2)
respectively. The overall random-coding error probability B, (n, My, M11, M12) satisfies

maX{pe,O’ﬁeﬁhﬁeQ} S ﬁe S ﬁe,O + ﬁe,l + Tje,Q' (200)

We assume without loss of generality that (mg,m1,me) = (1,1,1). We let U, X1, X5 and X be the codewords
corresponding to (1,1, 1), yielding X = Z(U, X1, X3). We let U, X; and X, be the codewords corresponding to
an arbitrary message with mq # 1. For the index 4 corresponding to U, we write Yﬁj t) X éh) and Y(jl’jZ) in place
of X1 x(h72) ang X (491:72) respectively. It follows that XU =(U, YY”, Xém).

A. Rates for DMCs

In this section, we assume that the channel is a DMC, and consider the refined SC ensemble with each Px , chosen to
be uniform over a conditional type class. We fix a joint distribution Qyx and for each u € U we let Q. n, € Pp, (X)
be the most probable type under @ x|y—, for sequences of length n,. We let Px, be the uniform distribution on the

type class T (Qy,n, ), yielding

1
Px,(z,) = S Il{a:u e T”“(QW,“)}. 201)

|Tn“ (Qu,nu
The main result of this section is stated in the following theorem, which makes use of the LM rate defined in (6) and
the set 7 defined in (163).

Theorem 17. For any finite set U and input distribution Qu x, the rate

R= R0+ZQU )R1u (202)

is achievable provided that Ry and {Rm} Z, satisfy

Riy < Itm(@Qxjv=u) (203)
+
Ry < min Is(U;Y —|—[ max (X;Y|U =u Ru] . (204)
0 Puxy€To(Qux xW) pl ) KCUKH#D £ Z Qu(u ( | )~ R )

Proof: From the construction of the random-coding ensemble, the type-1 error probability p, ; is precisely that of
the single-user constant-composition ensemble with rate R11, length n; = nQy (1), and input distribution Q x|y—1. A
similar statement holds for the type-2 error probability p, ,, and the analysis for these error events is identical to the
derivation of the LM rate [1], [2], yielding (203). For the remainder of the proof, we analyze the type-O event.
The error probability for the type-O event satisfies

(131&2)
peo—COP[U U {)Y)m}] (205)

i#1 j1,J2
where (Y|X = &) ~ W"(:|z) and ¢o € [3,
most a factor of two [26]. Writing the probability as an expectation given (U, X,Y") and applying the truncated union

P[U {TL(X((;j;)Y>1HUHUXY]H (206)

J1,J2

1], since breaking ties randomly increases the error probability by at

bound, we obtain

Peo = COE lmin {1, (My—1)E

where ¢, € [i, 1], since for independent events the truncated union bound is tight to within a factor of % [23, Lemma

A.2]. We have written the probability of the union over j; and jo as an expectation given U.
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Let the joint types of (U, X,Y) and (U, Y(jl’h), Y') be denoted by Py xy and Pyxy respectively. We claim that

~(J1,32)
(X Y)
>1 (207)
" (X,Y)
if and only if
Pyxy € %ﬁ%(Pny) £ %CC(Pny) n Pn(u X X X y), (208)

where 75¢ is defined in (163). The constraint ﬁU x = Pyx follows from the construction of the random coding
ensemble, Py = Py follows since (U, X, Y) and (U, f(]hm, Y') share the same Y sequence, and Ez[log ¢(X,Y’)] >
Ep[log ¢(X,Y)] coincides with the condition in (207). Thus, expanding (206) in terms of types yields

Peo=ch > P{(U,X,Y) e T"(PUXY)]

Pyuxy

» min {1, (Mo —1) 3 IP’[(U, y) € T"(ﬁUy)}IP[ U {(uy(jl,jg)’y) . Tn(]sty)H } 209)

ﬁUXYE%?%(PUXY) J1,J2

where we write (%, y) to denote an arbitrary pair such that y € T"(Py) and (@,y) € T™(Pyy ). The dependence of
these sequences on Py and Pyy is kept implicit for notational convenience.

Using a similar argument to the discussion following (199), we observe that (* Y(h ,32) ) er” PU xv ) if and only
if (iju),yu(f)) S (PXy|U w) for w = 1,2. Thus, applying Lemma 3 with Z; (j ) = Xg ) , Za(ja) = XéjQ),
A= T%ly(PUXY) Al y (u)(PXY‘U 1) and AQ y (u)(PXY‘UZQ)’ we obtain

P[ U {(Ef(h’jz),y) € T"(ﬁny)H = ¢{ min {1,
min Mlup[(fu,yu(ﬁ)) € T"“(ﬁXY‘U:u)},MlleIP’{ N {(Yu,yu(ﬁ)) c T”u(?XYU_u)}]}, 210)

u=1,
u=1,2

where ¢ € [%,1]. Recall from the proof of Lemma 3 that the four terms in the minimization correspond to the four
subsets of {1,2}.
Substituting (210) into (209), applying the properties of types in (A.9) and (A.10), and using the fact that the number

of joint types is polynomial in n, we obtain

li 771 = i i D(P, x W
ngrolo n 08 Pe 0= Pyxy :I’II;I}TI;:QUX ﬁUXYEI;-?(I}(PUXY) ( UXY”QUX )
+ +

Similarly to the proof of Theorem 2, we have replaced the minimizations over types by minimizations over all
distributions. Taking Pyxy — Qux X W, we obtain that the right-hand side of (211) is positive whenever (204)
holds with strict inequality, thus completing the proof. [ ]

The proof of Theorem 17 gives an exponentially tight analysis, yielding the exponent in (211). However, this does not
prove that the resulting rate is ensemble-tight, since a subexponential decay of the error probability to zero is possible
in principle. We can prove the ensemble tightness of the rate using (209)—(210), and dealing with the summation over
Py xy more carefully by following [6]. Instead of replacing the summation in (209) by a maximum, we restrict the
summation to types which are e-close to Qux x W in terms of ¢; norm. The probability of (U, X,Y’) having such
a joint type approaches one as n — oo for any € > 0. Since ¢, and ¢{ in (206) and (210) are greater than or equal to
% the resulting error probability is lower bounded by 15 (1 + o(1)) for rates exceeding R + A(e), where R} denotes
the right-hand side of (204), and A(e) — 0 as e — 0. The desired result follows by taking ¢ — 0.
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B. Comparison to Standard Superposition Coding

In this subsection, we show that the conditions in (203)—(204) can be weakened to (173)—(174) upon identifying
Ri =Y Qu(u)Ruy. (212)
u

We show this to be the case for any auxiliary alphabet and input distribution (in contrast with Proposition 3, where

we showed an analogous result to hold after the optimization of the parameters).

Proposition 4. For any auxiliary alphabet U and input distribution Qu x, the rate maxpg, Ry, Ry Ro+)", Qu(u)Riy

given in Theorem 17 is at least as high as the rate maxg, g, Ro + Ry given in Theorem 14.

Proof: We begin by weakening (204) to (174). We lower bound the right-hand side of (204) by replacing the
maximum over /C by the particular choice K = U, yielding the weakened condition
Ry< _ min I5(U;Y) + [Ilg(X;Y|U) - er, (213)
Pyxy €Tg(Qux xW)
where we have used (212) and the definition of conditional mutual information. We can weaken (213) to (174) using
the chain rule for mutual information, and noting that (213) is always satisfied when the minimizing ISU xy satisfies
I5(U;Y) > Ry.
Next, we show that highest value of Ry permitted by the |U/| conditions in (203), denoted by Rj, can be lower
bounded by the right-hand side of (173). From (212) and (203), we have

Ry =) Qu(uwIp (X;Y|U = wu), (214)

where ]3)*(Y|U:u is the distribution which achieves the minimum in (6) under @ x|—,,. Defining the joint distribution
]5{} xy accordingly with ]5{} = Qu, we can write (214) as

R} = I5.(X;Y|U). (215)

Therefore, we can lower bound Rj by the right-hand side of (173) provided that ﬁ,}‘xy € T(Qux x W). The
constraints ]55 v = Qux and 13{}}, = Pyy in (164) are satisfied since we have chosen ]Slj vy = Qu, and since the
constraints in (6) imply ]5)*(“]:“ = Qx|y=y and ]S;j‘U:u = Py |y=, for all u € U. The constraint E, [log¢(X,Y’)] >
Epllogq(X,Y)] is satisfied since, from (6), we have E. [logq(X,Y)|U = u] > Ep[logq(X,Y)|U = u] for each
u € U. This concludes the proof. [ |

Intuitively, one can think of the gain of the refined SC ensemble as being due to a stronger dependence among
the codewords. For standard SC, the codewords {X (6. )}j-w:ll are conditionally independent given U, whereas for
refined SC this is generally not the case. It should be noted, however, that the exponents for standard SC may be better,
particularly at low to moderate rates. In particular, we noted in the proof of Theorem 17 that the type-1 and type-2
error events are equivalent to a single-user channel, but the corresponding block lengths are only n; and no. Thus, if
either Qu (1) or Qu(2) is close to zero, the corresponding exponent will be small. These observations are analogous

to the comparison of explicit time-sharing and coded time-sharing for the MAC, given in Section III-E.

C. Numerical Examples

In this subsection, we provide a number of examples comparing the two versions of superposition coding and the LM
rate. Numerical results are obtained using the optimization software YALMIP [29]. We do not explicitly give values for
Lapidoth’s rate [6] (see Theorem 3), since for each example given, we found it to coincide with the SC rate (Theorem

14). This was done by taking a locally optimized input distribution for SC, and using it to choose the parameters for



37

the MAC using similar ideas to those given in Section IV-C (e.g. see (180)). In general, however, we required larger
auxiliary alphabet sizes for the MAC, and we found its direct local optimization to be more difficult than that of SC.
1) Example 1: Sum Channel: Here we provide an example which can be seen as an analog of Lapidoth’s parallel
channel example [6] (see Section I-C).
Given two channels (W7, W) respectively defined on the alphabets (X7,):) and (Xs,)%), the sum channel is
defined to be the channel W (y|x) with |X| = |X1]| 4+ |X2| and || = | V1| + | V2| such that one of the two subchannels
is used on each transmission [40]. One can similarly combine two metrics ¢1(z1,y1) and g2(z2,y2) to form a sum

metric ¢(z,y). Assuming without loss of generality that X’; and X5 are disjoint and ) and ) are disjoint, we have

qi(z1,y1) x1€Xpandy; €Wy
Q(xay) = q2($2,y2) To € XQ and Y2 € y2 (216)

0 otherwise,

and similarly for W (y|z). Let Q; and Q, be the distributions that maximize the LM rate in (6) on the respective
subchannels. We set U = {1,2}, Qxjy=1 = (Ql,()) and Qxjy—2 = (O,Qg), where 0 denotes the zero vector. We
leave Qy to be specified.

Combining the constraints Pyx = Qux and Esllogq(X,Y)] > Ep[logq(X,Y)] in (163), it is straightforward to
show that the minimizing ﬁUXy(u,x,y) in (204) only takes on non-zero values for (u,x,y) such that (i) u = 1,
re X, andy € Yy, or (i) u =2, x € Xy and y € V. It follows that U is a deterministic function of Y under the
minimizing ﬁU xv, and hence

I5(UY) = H(Qu) — Ha(UIY) = H(Qu). @17)

Therefore, the right-hand side of (204) is lower bounded by H(Qy ). Using (202) and performing a simple optimization
of Qu, it follows that the rate log (ellL Y@ + eI; M(QQ)) is achievable, where I}M is the LM rate for subchannel v.
An analogous result has been proved in the setting of matched decoding using the known formula for channel capacity
[40]. It should be noted that the LM rate of (W, ¢) can be strictly less than log (eI MQ1) 4 el2 M(QZ)) even for simple
examples (e.g. binary symmetric subchannels).

2) Example 2: Zero Undetected Error Capacity: It was shown by Csiszdr and Narayan [3] that two special cases
of the mismatched capacity are the zero-undetected erasures capacity [41] and the zero-error capacity [42]. Here we
consider the zero-undetected erasures capacity, defined to be the highest achievable rate in the case that the decoder
is required to know with certainty whether or not an error has occurred. For any DMC, the zero-undetected erasures
capacity is equal to the mismatched capacity under the decoding metric ¢(z,y) = 1{W (y|x) > 0} [3].

We consider an example from [43], where X = Y = {0, 1,2}, and the channel and metric are described by the

entries of the matrices

[ 075 025 0
W = 0 075 025 (218)
| 025 0 0.75 |
[ 1 1 0 ]
g=| 0 1 1|, (219)
|1 0 1

where x indexes the rows and y indexes the columns.
Using an exhaustive search, we found the optimized LM rate to be R} ,; = 0.599 bits/use, using the input distribution
Q = (0.449,0.551,0).2 Furthermore, it was stated in [43] that the rate obtained by considering the second-order product

2The rate of 0.6128 bits/use reported in [43] appears to be erroneous.
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Table 1
ACHIEVABLE RATES (BITS/USE) FOR THE MISMATCHED CHANNEL IN (20)-(21).

Input Distribution Refined SC  Standard SC

1
24 1313 1.060
Qk 1.236 1.236
(LM)

Ux 1.111 1.111

of the channel and metric (see Section I-C) is equal to Rj,;, = 0.616 bits/use. Using local optimization techniques,
we verified that this rate is achieved with @ = (0, 0.250,0,0.319,0,0,0,0.181,0.250), where the order of the inputs
is (0,0), (0,1),(0,2),(1,0),---,(2,2).

The global optimization of (173)—(174) over U and Qux is difficult. However, setting |U/| = 2 and applying local
optimization techniques using a number of starting points, we obtained an achievable rate of R}, = 0.695 bits/use,
with Qu = (0.645,0.355), Qxjy=1 = (0.3,0.7,0) and Qxjy—2 = (0,0, 1). Thus, SC not only yields an improvement
over the single-letter LM rate, but also over the two-letter version. We obtained the same rate and input distribution
as that of standard SC when applying local optimization techniques to refined SC.

3) Example 3: We consider the channel and decoding metric described by the entries of the matrices

[ 0.99 001 0

0.01 099 o0 0
W = (220)
0.1 0.1 07 0.1

0.1 01 01 0.7

1 05 0 0
0.5 1 0 0

= . 221
1 0.05 0.15 1 0.05 (221

0.15 0.06 05 1

We have intentionally chosen a highly asymmetric channel and metric, since such examples often yield larger gaps
between the various achievable rates. Using an exhaustive search, we found the optimized LM rate to be R} ,; = 1.111
bits/use, which is achieved by the input distribution Q% = (0.403,0.418,0,0.179).

Setting |U/| = 2 and applying local optimization techniques using a number of starting points, we obtained an
achievable rate of R . = 1.313 bits/use, with Quy = (0.698,0.302), Qxjy=1 = (0.5,0.5,0,0) and Qxjy—2 =
(0,0,0.528,0.472). We denote the corresponding input distribution by Qgg(

Applying similar techniques to the standard superposition coding rate in (173)—(174), we obtained an achievable rate
of R}, = 1.236 bits/use, with Qp = (0.830,0.170), Q xjy=1 = (0.435,0.450,0.115,0) and Qxjy—2 = (0,0,0,1). We
denote the corresponding input distribution by Qg;(

The achievable rates for this example are summarized in Table I, where Qg“;}/[ ) denotes the distribution in which U
is deterministic and the X-marginal maximizes the LM rate. While the achievable rate of Theorem 17 coincides with
that of Theorem 14 under Qg;@ the former is significantly higher under Qg};{ Both types of superposition coding
yield a strict improvement over the LM rate.

Our parameters may not be globally optimal, and thus we cannot conclude from this example that refined SC yields
a strict improvement over standard SC (and hence over Lapidoth’s rate [6]) after optimizing I/ and Qy x. However, as
discussed in Section IV-C, improvements for a fixed set of random-coding parameters are still of significant interest

due to the fact that global optimizations are infeasible in general.
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D. Dual Expressions and General Alphabets

In this subsection, we present a dual expression for the rate given in Theorem 17 in the case that |U| = 2, as
well as extending the result to general alphabets X and ). Generalizations to the case that || > 2 are possible, but
cumbersome. It should be noted that the random-coding ensemble relies on || being finite.

With ¢ = {1, 2}, the condition in (204) is given by

Ry< _ min I5(U3Y) + [ max { Qu(1) (T(X; Y|U = 1) = Ruy),
Pyxy €Tg(Qux xW)
+
Qu2)(I(X; Y|U =2) = Riz) Ip(X; Y|U) — Ri}] . 222)
where

Z Qu(u) Ry (223)
Similarly to Lemma 7 for the MAC, the following lemma gives an an alternative expression for the condition in (204)

which is more amenable to Lagrange duality techniques.

Lemma 10. For any input distribution Qux and rates (Ry, R11, R12), the condition in (222) holds if and only if at

least one of the following conditions hold:

Ro<  min I5(U;Y) + [max{QU(l)(Iﬁ(X;ﬂU =1) = Ry, I5(X;Y|U) — }r (224)
Puxy €T (Qux xW)
Ry < min I5(U;Y) + [max {QU(z) (Is(X;Y|U = 2) — Rya), I5(X; Y|U) — R1H+. (225)

Pyxy €TF(Qux XW)

Proof: This is a special case of Lemma 6 with the following identifications:

f(z) =I(U;Y) (226)
9(z) = I(X;YU) - (227)
91(2) = Qu(1) (Ip(X; YIU— 1) = Ru) (228)
92(2) = Qu(2)(Ip(X;Y|U = 2) — Rua). (229)
In this case, the condition in (31) holds with equality. [ ]

Since the right-hand side of (203) is the LM rate, we can make use of the dual expression in (7). The following
theorem gives the dual expressions for (224)—(225).

Theorem 18. The conditions in (224)—(225) can respectively be written as

(g(X,Y)~ (e X)y7©

Ry < sup E |log T = > P (wQu(u)Ri,  (230)

§>0,p1€[0,1],p2€[0,1),a(-,) E[(]E[q(Y, Y)s @) a0X) ’m)p ’y} u=1,2

" ")
¢ X,Y)* (u) pa(U,X) P

Ry < sup E |log ( ( ) ) ) — Z p"(u)Qu (u)Riy, (231)

520,01 €[0.1),p2€[0,1].a(-,") E[(E[q(Y, Y)s" (@) ¢a(TX) |m)” ‘y] g’

where

p'(1) = p1, p'(2) = p1p2, s'(1) = pas, §'(2) =5 (232)
F(1) = prpa, 9(2) = pa, 5"(1) = 5, §"(2) = 1 (233)

and (U, X,Y,U, X) ~ Qux (u, )W (y|z)Qux (@, T).
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Proof: See Appendix D. [ ]

It is interesting to observe that the conditions in (230)—(231) bear a strong resemblance to the standard SC condition

in (176). In particular, the latter can be recovered by setting ps = 1 in (230) or p; = 1 in (231), thus providing an
alternative proof of Proposition 3 for the case that [U/| = 2.

In order to extend Theorem 18 to general alphabets, we again use cost-constrained coding. We consider the ensemble

given in (196), with Px  given by

1 Moy

Px,(x,) = — [[oxv(@uilwi{z, € Dy}, (234)
M =1
where s 5
Dy, 2 {a: o ;aw(m) — pui| < - l= 1,...,Lu} (235)
but = Eq [au1(X)|U = 4], (236)

and where iy, {ay,,;} and ¢ are defined analogously to (98)—(99), and n,, is defined in (195).

Theorem 19. For any mismatched memoryless single-user channel W and input distribution Qu x (U = 1,2), the rate
R =Ry + Zu:l,Q Qu (u)Ryy is achievable for any (Ro, R11, R12) satisfying (203) (with I\ defined in (7)) and at
least one of (230)~(231), where each supremum is subject to Egla(U, X )?] < co. Furthermore, the rate is achievable
using cost-constrained coding in (234) with 14 = Ly = 2.

Proof: The direct derivation of (230)—(231) is given in Appendix D. The choice L; = L, = 2 suffices since for
u = 1,2, one cost is required for (203) and another for (230)—(231). It suffices to let the cost functions for (230)-(231)
coincide, since the theorem only requires that one of the two hold. [ ]

VI. CONCLUSION

We have provided finite-length bounds, error exponents and achievable rates for mismatched decoding using three
multiuser coding techniques. The bounds on the probability of a multiply-indexed union given in Section II-A are
general, and may be valuable for obtaining finite-length bounds and error exponents for other network information
theory settings. Interestingly, their utility is not restricted to suboptimal decoding rules; see [44] for an application to
the matched relay channel.

Throughout the paper, we considered several variations of constant-composition random coding and cost-constrained
random coding. Furthermore, we have discussed the number of costs required for the cost-constrained ensemble to
match the performance of the constant-composition ensemble. From Lemma 5, we see that each dual optimization
variable (e.g. a;(-)) corresponds to a primal constraint on a marginal (e.g. Px, = (1). Since the dual variables also
correspond to cost functions, we can use this observation to relate the number of costs with the number of marginal
constraints. For example, consider the exponents for the mismatched MAC (Theorems 2 and 4) and those for ML
decoding (Theorems 8 and 9). In the primal domain, ML decoding yields two fewer constraints on the X, marginals
for each v = 1,2, due to the absence of the sets 7,° for v = 1,2, 12. Analogously, in the dual domain, the number of

cost functions per user is reduced by two.

APPENDIX A
THE METHOD OF TYPES

In this section we give an overview of the method of types, and present the properties that are used throughout
the paper. Wherever possible, we use standard notation (e.g. see [10]), but for completeness we include all relevant
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definitions in this section. We do not provide proofs, since we only present well-known properties of simple variations
thereof (e.g. see [10, Ch. 2], [11], [45]).
Let X be a finite alphabet. The type of a sequence = (z1,...,x,) € X™ is its empirical distribution, defined by

n

Pw(m)é%Zﬂ{xizx}. (A.1)

i=1
The set of all types on X" is denoted by P, (X). For a given Px € P,(X), the type class T"(Px) is the set of all
sequences in X" with type Px,

T"(Px) 2 {x € X" : P, = Px}. (A2)

For two finite alphabets X and ), Pmy(x, Y), Pn(X x ) and T™(Pxy ) are defined analogously. In this case, the type

is also referred to as a joint type. The conditional type of y given x is defined by

- A Pil! )
Byalylz) & P(fx)y) (A3)

if P(x) >0, and Py|m(y|x) = ﬁ otherwise. The set of all conditional types on Y™ given X" is denoted by P, (V|X).

For any Pxy € P,(X x Y) and sequence z, the conditional type class T (Pxy) is the set of all sequences y in J"
such that («,y) has joint type Pxy,

T2 (Pxy) = {y € Y" : Ppy= Pxy}. (A.4)

The key property of types which permits an exponentially tight analysis of certain quantities is that the number of

(possibly joint or conditional) types is polynomial in n:

[P (X)
P (V|X)

| < (n+ 1)l (A5)
| < (n+1)XIVI=L (A.6)

For concreteness, we present the subsequent properties of types in the context of the multiple-access channel.
However, the properties are also used in other settings throughout this paper. We fix the conditional input distributions
Q1 € P(X1) and Q2 € P(Xz), and let Q1 € Pr(X1) and Q2 (z) € P, (X2) be the most probable types under Q4
and Q respectively. We define X ; and X to be independent random variables drawn from a uniform distribution on
the type class 7" (Q1,,,), and similarly for X and X, We define Y to be generated from X; and X, according to
the conditional product distribution on W (y|x1, x2).

We have the following:
o Letting Q7 (x1) = [[[—, Q1(x1,), we have

P[X, = z] <QV(x1). (A7)
o For any Px, x, such that Px, = Q1 and Px, = Q2 »,
P[(Xl, X,) € T"(lexz)] = exp ( — nIp(Xl;Xg)). (A.8)
o For any Px, x,y such that Px, = @1, and Px, = Q2.
P[(X1,X2,Y) € T"(Px,x,v)] = exp (—nD(Px, x,v||Q1 X Q2 x W)). (A9)
e Forv=1,2,if y € T"(Py), then

P[(X,,y) € T"(Px,y)] = exp (— nl5(X,;Y)) (A.10)
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for any ]SX,,Y such that JBXV = Qun and }~7y = Py.
o If y € T"(Py), then

P[(X1,X2,y) € Tn<ﬁX1X2Y)] =exp (— nD(Px, x,v ||Q1 X Q2 % ﬁy)) (A1)

for any }3X1X2y such that }5)(1 =Q1n» ]5X2 = ()2, and ]Sy = Py.

APPENDIX B
CONVEX OPTIMIZATION PROOFS

A. Proof of Lemma 5

The Lagrangian [12, Sec. 5.1.1] of the optimization problem in (29) is given by

~ P(z,%
L= Z Plez(Zl’ZZ)(IOgPZI(z(l)lPZi)(zz) —logg(z1,22) — /\Ing(ZlaZ2)>

21,22

+) m(21) (P, (1) — Pz, (z1)) + > pa(z2)(Pz, (22) — Pz,(z2)) + A8, (B.1)

z1 z2
where A > 0, u1(-) and po(-) are Lagrange multipliers. Since the objective in (29) is convex and the constraints

are affine, the optimal value is equal to L for some choice of ﬁzl z, and the Lagrange multipliers satisfying the
Karush-Kuhn-Tucker (KKT) conditions [12, Sec. 5.5.3].

We proceed to simplify (B.1) using the KKT conditions. Setting % = 0 yields
Py, 2,(21,22)
1+1o 122 —u1(z1) — pa(z2) = 0, (B.2)
8 P (o) Pa(e) Fler, g ) 1) 7122
and hence
Pz, 2,(21,22) = Pz,(21) P, (22) f (21, 22) g (21, z) e~ T (F) 0 (32, (B.3)
Applying the constraint ﬁzz = Py, yields
> Pz (21)f(F1,22) (31, ) (B = el mra(2) (B.4)
z1
and hence
pa(z2) = 1-1log > Pz, (21)f(Z1,22) g(Z1, 22)e" ). (B.5)
z1
Substituting (B.2) into (B.1) yields
L=-1+ Z ul(zl)le (Zl) + Z ,U,Q(ZQ)]DZ2 (22) + A3, (B.6)

z1 zZ2
and applying (B.5) yields (30) with the supremum omitted. It follows that (30) is an upper bound to (29).
To obtain a matching lower bound, we make use of the log-sum inequality [46, Thm. 2.7.1] similarly to [4, Appendix
Al]. For any ﬁzl z, satisfying the constraints in (29), we can lower bound the objective in (29) as follows:

P(Zl, 2’2)

P z1,22)lo B.7)
21ZZz nuzalenz2)log Pz, (21)Pz,(22)g(21, 22) (
D ﬁ(zl722)
> Py 7.(z1,22) 10 +A (B.8)
ZIZ:ZQ 72, (1, 22) & P (21) P, (22) f (21, 22)7 9 (21, 22) b
= Z ﬁZlZ2 (21; 22) log ﬁ(zla 22))\ _ + ZPZI (Zl)ul(zl) + )\/37 (B.g)
21,22 PZl(Zl)PZ2(Z2)f(Z1722) g(’zlaZQ)eHl(Zl) z1
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where (B.8) holds for any A > 0 due to the constraint Es[log f(Z1, Z2)] > /3, and (B.9) holds for any p;(-) by a
simple expansion of the logarithm. Applying the log-sum inequality, we can lower bound (B.9) by the objective in
(30). Since A > 0 and p(+) are arbitrary, the proof is complete.

B. Proof of Lemma 6

We define the functions

Do(2) 2 f(z) + [9(2)] " (B.10)
+

D1(2) £ f(2) + [ max{g1(2), 9(2)} (B.11)
+

Dy(2) £ f(2) + | max {g2(2),9(2)}] - (B.12)

Since f(-), g(-), g1(-) and ga(-) are convex by assumption, it follows that ®¢(-), ®1(-) and Po(-) are also convex.
We wish to show that

gneig max { ®1(z), P2(2)} = max { rzneig D4 (2), rzréig <I>2(z)}. (B.13)

We define the regions
Rl = {Z : <I>1(z) > ‘bo(Z)} (B14)
Ro={z: ®a2(2) > Pp(2)}. (B.15)

The key observation is that R; and R are disjoint. To see this, we observe from (B.10)—(B.12) that any z € R1 N R
must satisfy g;(2z) > ¢g(2) and g2(z) > g(z). When combined with (31), these imply ¢;(2) < 0 and g2(2) < 0, and
it follows from (B.10)—(B.12) that ®o(2z) = ®1(z) = P2(2), in contradiction with the assumption that z € Ry N Rs.
Thus, R1NRy is empty, which implies that g1 (z) and g2(z) cannot simultaneously be the unique maximizers in (B.11)

and (B.12) respectively. Combining this observation with (B.10), we obtain
(I)()(Z) :min{cl)l(z),cbg(z)}. (B16)

To prove (B.13), we use a proof by contradiction. Let the left-hand side and right-hand side be denoted by f* and
f * respectively. It is easily seen that f* > f * always holds, so we assume that f* > f *. Let z] and z5 minimize ®;

and ®, respectively on the right-hand side of (B.13), so that

f* :max{q)l(z’{),q)g(z;)}. (B.17)
The assumption f* > f* implies that
Py(27) > 01(21) (B.18)
D1 (23) > DPa(23). (B.19)
Next, we define
PH(A) £ Po(Az] + (1 — A)z3) (B.20)
PY(N) £ @1 (A2} + (1 —N)z3) (B.21)
PH(A) £ Py (A2} + (1 — N)z3), (B.22)

for A € [0,1]. Since any convex function is also convex when restricted to a straight line [12, Section 3.1.1], it follows
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that @, @) and P} are convex in A. From (B.18)-(B.19), we have
dL(1) > & (1) (B.23)
@' (0) > @}(0). (B.24)

Since ®} and ¥}, are convex, they are also continuous, and it follows that the two must intersect somewhere in (0, 1),
say at A*. Therefore,

PH(A*) = min { P} (X*), PH(A*)} (B.25)
= max {<I>’1(/\*), @'2()\*)} (B.26)
> gréig max {tI’l(z), <I>2(z)} (B.27)
= f7 (B.28)

where (B.25) follows from (B.16), and (B.27) follows from (B.21)-(B.22). Finally, we have the following contradiction:
o Combining (B.28) with the assumption that f* > f*, we have

L) > f* = max{®) (1), D (0)}. (B.29)

« From (B.16), we have ®((A) = min{®](\), 5(N\)}, and it follows from (B.23)-(B.24) that ®((1) = ®}(1) and

®(,(0) = ®4(0). Hence, using the convexity of ®{, and Jensen’s inequality, we have

Dp(A") < AR (1) + (1 — A7) 25(0) (B.30)
< max{® (1), 23(0)}. (B.31)
APPENDIX C

MULTIPLE-ACCESS CHANNEL PROOFS
A. Proof of Theorem 4

Each of the four expressions are derived using a similar analysis, so we focus on ET, ;. We claim that the expression

in (76) is equivalent to

Eﬁfw,l(Q, Ry, Ry) = max E(CJ,C12,1(Q7P1»P2) = p1(R1 + paRa), (C.1)
p1€[0,1],p2€[0,1]
where
E8?12,1(Q>Pla p2) £ min min

Pxyx,v €5°(Q) Px, x,v €T55 (Pxy X5v)

D(PXngYHQl X QQ X W) + p1 (I‘;—:,(Xl,Y) + pQIIS(XQ;Xl,Y)). (CZ)

This follows by using (111) to write

min N min
Px1x,v€5%(Q) Px | x,v €T5 (Px, X,v)

Jr
D(PX1X2YHQ1 X QQ X W) + I:Iﬁ(XhY) =+ [Iﬁ(X27X17Y) — R2]+ _ R1:| (C3)

E?f:12,1(QaRlaR2) =

and using a similar argument to [19, Sec. IV] as follows. We first apply [a]T = maxo<,, <1 p1c to the outer [|*
quantity in (C.3). The resulting objective is linear in p; and jointly convex in (Px, x,y, 13X1 X,v ), SO we can apply
Fan’s minimax theorem [30] to interchange the maximization and minimization. Applying the same argument to the

remaining [-]* term yields (C.1)-(C.2).
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We define the sets
Vi(Px, x,v, Px,v) é{ﬁxlxgy EPXL x Xy xY) : 15X2 = Px,,

Px,y = Ple,]Elg[log q(X1,X2,Y)] > Ep[log q(X1, Xo, Y)}} (C4

Vo(Px, x,v) = {ley ePX1xY): Px, =Px,, Py = Py}. (C5)

It follows that ]5X1X2y € T5(Px, x,v) (see (51)) if and only if ]5X1X2y € Vl(lexgy,ley) for some Ple €
Va(Px, x,v ). We can therefore replace the minimization over ]SX1 x,v € T15(Px, x,y) in (C.2) with minimizations
over Px,y € Va(Px, x,v) and Px, x,y € Vi(Px,x,v, Px,v)-

We prove the theorem by performing the minimization in several steps, and performing multiple applications of
Lemma 5. Each such application will yield an overall optimization of the form sup minsup{-}, and we will implicitly
use Fan’s minimax theorem [30] to obtain an equivalent expression of the form sup sup min{-}. Thus, we will leave
the optimization of the dual variables until the final step.

Step 1: We first consider the minimization of the term I5(X1; X»,Y") over Px, x,y when Px, x,y € 8°(Q) and
pxly € Va(Px, x,v) are fixed, and thus all of the terms in the objective in (C.2) other than I5(X1; X»,Y") are fixed.
The minimization is given by

F & min I(X1; X,Y). (C.6)

ﬁxlx2Y€V1(PX1X2Y,T:’X1Y)

Applying Lemma 5 with Pz, = Px,, Pz, = Px,y and p1(-) = ax(-), we obtain the dual expression

Py == Px,y(z1,9)log Y Px,(T2)q(1, T2, y) e ™)

T1,Y T2

+s Z PX1X2Y(I17I27y) IOg Q(xlax%y) + prz (IQ)O’Q(:C2)' (C.7)

T1,T2,Y T2

Step 2: After Step 1, the overall objective (see (C.2)) is given by
D(PXlXQYHQl XQQ X W)+p1(fp(X1;Y)+p2F1), (C.8)

where we have replaced I5(X1;Y) by I5(X1;Y) due to the constraint ﬁxly = Ple in (C.4). Since the only terms
involving Ple are I5(X1;Y') and the first term in the summation of (C.7), we consider the minimization

F 2 min Io(X1;Y) — p2 Z Px,y (z1,9) logZPX2 (T2)q(z1, Ta, y) (@), (C.9)

leyevfz(PXleY) 1,y T2

Applying Lemma 5 with Pz, = Px,, Pz, = Py and p1(-) = a;1(-), we obtain

P2
F, = =) Pr(y)log)  Px,(71) (Zsz(xg)q(a?hxz,y)sew(“)) e (™) £ 3" Py, (z1)ar(z1). (C.10)
Y z1

To 1

Step 3: From (C.7), (C.8) and (C.10), the overall objective is now given by
Fs 2 D(Px,x,v Q1 x Qa x W)+ p1Fa+ pip2 > Px,xov (@1, 22,y) log q(a1, 29,) ™), (C.1D
T1,T2,Y

By expanding the divergence and writing a, (z,) = log e (@) (y =1,2), (C.11) can equivalently be expressed as

93(331, T2,Y)
Px, x,v (z1,22,y)’

Fy=— > Px,x,v(x1,22,9)log (C.12)

Z1,T2,Y
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where
P1

Z@ Px, (fg)q(fl,j%y)seaz(@) p2 ()
q(z1, 2, y)%e(@2) ea1(z1)

g3(x1,22,9) £ Q1(21)Qa(w2)W (ylz1, 22) <ZPX1 (T1 (
(C.13)
From (C.2), we must minimize F3 over Px, x,y € S(Q). We first minimize over Py |x, x, for a fixed Px, x,. Rather

than using Lagrange duality, we can simply write

Px,x,v (71, 22,y) = Px, x, (%1, 22) Py|x, x, (Y21, 72) (C.14)

and apply Jensen’s inequality to (C.12) to obtain

93 r1,22,Y
F3 > — P x1,x2)lo (C.15)
’ ac;y X1X2 ' 2 gz PX1X2 :El,xz)

g3(z1,22,y)

It follows that the minimizing Py |x, x, is the one which makes P, xoy (21.02.9)

independent of y for any given x
and x, so that equality holds in (C.15).
Step 4: Using (C.15) and the definition of g3, we can write the overall objective as

Fy £ Ip(X1; X2) — Ep[log g4(X1, X2)], (C.16)

where

=, P2 — P1
>z, Px (T2)q(T1, T2, y)*e®2(F2) e (T1)
g1, x2) £ W (ylw, ) (prl (T1) < o ; . (C.17)

Yy q(x17m23y)sea2(z2 ea1(£L’1)

Applying Lemma 5 with Py, = Q2, Pz, = Q1 and 1 (-) = a5(-), we obtain

- Z Q1(z1)log Z Q2(m2)galay, 22)e@2) 4 Z Q2 (z2)ay(xs). (C.18)
o @ @
Step 5: From (C.18), we have
- Z Q1(z1)log (6(1/1@1)_05/1 Z Q2(z2)ga (w1, 352)3(1/2(9;2)_%) (C.19)
—1:; Z Q1(xl)Qg(:vg)g4(x:2x2)eal2(”’2)*‘#/26‘1/1(“)745/1, (C.20)
@132

where (C.19) follows for any a(-) with ¢!, = Eq,[a,(X,)] (v = 1,2) by expanding the logarithm, and (C.20) follows
from Jensen’s inequality. By choosing a/(-) to make the argument to the logarithm in (C.19) independent of z;, we
obtain equality in (C.20). Thus, the proof is concluded by substituting the expression for g4 in (C.17) into (C.20), and

taking the supremum over s > 0, a1(-), a2(), a}(-) and a5(-).

APPENDIX D
REFINED SUPERPOSITION CODING PROOFS

A. Proof of Theorem 18

We focus on showing the equivalence of (224) and (230), since identical arguments apply to (225) and (231). The
primal expression is written in terms of a minimization over ]SU xvy- It is convenient to split this distribution into three
distributions: IBUy, Pyy & ﬁXy| U=1 and Pyy 2 ﬁxy‘UZQ. Using an identical argument to the start of Appendix C,
we can write the right-hand side of (224) as

sup _ min Is(U;Y) + p1Qu(1)Ip(X;Y) + plngU(2)Iﬁ(X; Y) = p1Ri1 — p1p2R12. (D.1)
p1€[0,1],p2€[0,1] Py, Pxy ,Pxy



Defining Pyxy = Qux X W, the minimization isA subject to the constraints (i) ﬁU = Qu, (ii) PX = Qx|u=1, (iii) ng =
Qx|v=2, (iV) Py = Py, (v) Py = Pyjy—1, (vi) Py = Pyjy—s, (vii) Qu(1)Ep[log ¢(X, Y)+Qu(2)E 5 [log ¢(X,Y)] >
Ep[log q(X,Y)].

Similarly to Appendix C, we apply the minimization in several steps, using Fan’s minimax theorem [30] after each
step so that the supremum over the dual variables can be left until the end. To avoid repetition, we provide less detail
than the amount given in Appendix C.

Step 1: For given joint distributions }5Uy and ny, the minimization 7; £ min» I};(X ;Y) subject to the

constraints (iii), (vi) and (vii) has a dual expression given by o
Fir=-Fi1+Fi2+Fi3—sQu(l)Fi4, (D.2)
where
Fii 2> Prp(yl2)log Y Qa()q(T, y)*@vPen® (D.3)
y z
Fio £ Z Q2(x)az(x) (D.4)
T2
Fi32sY Pxy(x,y)logq(z,y) (D.5)
Fiq % ZF’XY(JCJJ) log q(z,y), (D.6)
z,y

and where s > 0 and ay(-) are dual variables.
Step 2: For a given joint distribution ﬁUy, the minimization F £ ming I5(X5Y) 7Sp2QU(2)F174(15Xy> subject
to (ii) and (v) has a dual expression given by

Fy=F; 1 — Iy, (D.7)
where
Fop 2 Qi(x)as (x) (D.8)
Fon 2 Pyip(yll)log Y | Qu(@)q(T,y) "0 Pen ™), (D.9)
y z

and where a1 (-) is a dual variable.
Step 3: The minimization F; £ ming I5(U;Y) = p1Qu(1)Fa2 — p1p2Qu(2)F1 1 subject to (i) and (iv) can
equivalently be expressed as

Fs=I5UY) =Y p(u)Y Poy(u,y)log»_ Qu(@)q(®,y)* e ™ (D.10)
u Yy T

using the definitions in (232) along with a(u, z) = a,(z). The dual expression is thus given by

’

L\
Fy=—=Y Pr(y)logy Qu(u) ( Y Qu@a(,y)* “”e”(W) ™ + 3" Qu(u)b(u), (D.11)

where b(-) is a dual variable.
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Step 4: The final objective is given by Fs + p1Qu(1)F21 + p1p2Qu(2)(Fi2 + Fi3). Applying some algebraic
manipulations yields the dual expression

(q(x, y)s/(%a(w)) ’ (u)eb(w
Z PUXY(U, x, y) IOg

e (D.12)
S Qu@) ( S Qu(®)g(E, )" ® eaw) o

The variable b(u) can be factored into a(u, z) without affecting the final dual optimization, and can thus be removed

from the numerator and denominator in (D.12). This concludes the proof.

B. Proof of Theorem 19

We focus on the derivation of (230), since (231) can be derived similarly. The ideas used in the derivation are similar
to those for the MAC (see the proof of Theorem 6), but the details are more involved.
Applying Lemma 1 to the union in (206), with Z; (i) = X §1”> and Z5(j) = X 514 ), we obtain the non-asymptotic

RCU bound
— . . . q”(f,Y) — _
Poo <E|min? 1, (Mo — E| min{ 1, M1 E| min 17M12P721’X1 ’U U.X Y|\
’ "(X,Y)
(D.13)
Using (199), Markov’s inequality, and min{1,a} < a” (p € [0, 1]), we obtain’
Peo < (MM M{3P2) > Py(u)Px, (@1) Px, (x2) Y W" (y|E(u, @1, 22)) (ZPU
U,T1,T2 Y
Po
B g (xl’yl(u)))PZS)Pl( B <q”2 (wg,yQ(u))> )pwz
x Px, (@) L) Px, (@) L2922 . (D.14)
(; sl 1)(q’“(ﬂcl,yl(u)) ; T2 (@, o)

where s > 0 and py, p2 € [0, 1] are arbitrary. Using the definition of the cost-constrained ensemble in (234)—(236), we

obtain

Peo < (MoM{I M) " Py(u)Px, (T1)Px, (@2) > W™ (y|E(u, 1, 25) <ZPU

u,T1,T2 y

o -~ Cls o po
S Py, (@ " (wl,yl(u))y)?“eal <w1>>”1< _ (q’”(wz,ya(u))) % <w2>)%’1p2
y Py (Z Px (T - , (D.15
( - Xl( 1)(qn1(w1,y1(u)) e (‘El) Z Xz( 2) qn2($27y2(u)) etz (m2) ( )

L2

where for v = 1,2, a,(-) is one of the L, = 2 cost functions in (235), and a”*(z,) = Yot ay(2y,;). For each

(u, 1, x2,y), we write the argument to the summation over y in (D.15) as a product of two terms, namely

Ty 2 W(y|E(w, @1, 2))q™ (@1, y (w)) P25 7190 (@02 (g g, (w)) ~P1P2seP1p2as” (22) (D.16)
p1p2\ PO
T, £ ZPU (prl T)g" (Tn, gy (@) 2 e (@) ) (ZPXZ T)q" (T2, Yo (W)™ (m2)> :
u
(D.17)

3In the case of continuous alphabets, the summations should be replaced by integrals.
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Since Px, is upper bounded by a subexponential prefactor times Q)™ for u = 1,2 (see Proposition 1), we have

ZPXl T1)q" (T, y, (@)™ (@) £ HZQl T1)q(T1, y1,i (@) 25 e® (D) (D.18)
=1 =1
na
ZPX2 (@2)g™ (T2, yo (@)™ @) <[] D Qe(@2)a(@2, yoi (@)™, (D.19)
1=1 To

where for u = 1,2, y, (@) is the i-th entry of y, (). Using the definitions in (232) along with a(u,x) = a, (), we

thus obtain
P1P2

<ZPX1 Z1)q" (%1, y, (@))% o wl)) (ZPXQ T)q"* (T2, Yo (U ) e (w2)> (D.20)

i(HZQﬂwl) (@1, y1,4(@)) "% ‘“(’“)) (HZQz (T2) (T2, 2.1 (@) e “2(“2>>m (D21)

=1 =1 1=1 To
' (@;)

= ﬁ (ZQ Z[u;)q(T yl)s (@) ga (““l)> . (D.22)

Hence, and using the fact that Py (u) < Q7 (u) (see (A.7)), we obtain

n p'(@i)\ PO
<[] (ZQU(U)(ZQ($|U2')Q($7 yi)® (“”e“(“f@)) ) . (D.23)
i=1 w z

A similar argument (without the need for the < steps) gives

T = [T 30 W wlai)alas, )7/ (0 (e (atecss), (D24)

=1 vy
where we have used the fact that W"(y|=(u, x1,x2)) = W (y;(u)|z1)W"2(yy(u)|2x2). Substituting (D.23) and
(D.24) into (D.15), we obtain

Peo < (MoMY} M{37%)P°

n = 3N\ S (@) a@@;,z) \ P (Ti)\ Po
xS Pux(uz) [[>w (ylx»(ZQU(u)(ZQ(xm) ( q(@’ bi) ) f()) ) , (D.25)
u,T i=1 vy w T

q(4, y;)

where
Pyx(u,x) Z Py (u)Px, (1) Px, (o) 1{x = Z(u, 1, x2) } (D.26)

T1,T2
If Pyx were ii.d. on Qux, then (D.25) would yield an error exponent which is positive when (230) holds with strict

inequality, by taking py — O similarly to Theorem 5. The same can be done in the present setting by upper bounding
Py x by a subexponential prefactor times Q7 , analogously to (D.18)-(D.19). More precisely, we have

Pyx (u,x) Z Py(u QX|U 1(391)QX‘U o(x2) I{x = E(u, z1,x2) } (D.27)
= Py(u)Q%y(z|u) (D.28)
< Qp(w)Q% y (x|u) (D.29)
= Qi x(u, ). (D.30)

This concludes the proof.
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